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Abstract. In this article we provide the complete proof of the result announced in [3] about the construe- 
tion of scale invariant non-Gaussian generalized stochastic processes over three dimensional p-adic space. 
The construction includes that of the associated squared field and our result shows this squared field has a 

■ dynamically generated anomalous dimension which rigorously confirms a prediction made more than forty 
(N ■ years ago, in an essentially identical situation, by K. G. Wilson. We also prove a mild form of universality 

for the model under consideration. Our main innovation is that our rigourous renormalization group for- 
^ , malism allows for space dependent couplings. We derive the relationship between mixed correlations and 

1 the dynamical systems features of our extended renormalization group transformation at a nontrivial fixed 

' point. The key to our control of the composite field is a partial linearization theorem which is an infinite- 

l/^ ' dimensional version of the Koenigs Theorem in holomorphic dynamics. This is akin to a nonpcrturbative 

construction of a nonlinear scaling field in the sense of F. J. Wegner infinitesimally near the critical sur- 
face. Our presentation is essentially self-contained and geared towards a wider audience. While primarily 
concerning the areas of probability and mathematical physics we believe this article will be of interest to 
researchers in dynamical systems theory, harmonic analysis and number theory. It can also be profitably 
, read by graduate students in theoretical physics with a craving for mathematical precision while struggling 

^ ■ to learn the renormalization group. 
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1. Introduction 

Although the constructive approach to quantum field theory (QFT) and the rigorous methods based on the 
renormalization group (RG) already have a long history, the work from that area concerning the construction 
of composite fields and the operator product expansion (OPE) is rather scarce. All we managed to find after 
a review of the literature are: the work of Feldman and R§,czka [30] followed by Constantinescu [35] (see 
also [28]) on composite fields (up to (p^) in the three-dimensional massive 0** model, and that of lagolnitzer 
and Magnen [47] |48] on the OPE for the two-dimensional massive Gross-Neveu model. Note that we do 
not count V{(j))2 theories since the renormalization of composite fields in that case requires nothing beyond 
what is already needed for the free field, namely. Wick ordering [5S]. Neither are we concerned here with 
perturbative results on composite field renormalization and the OPE. For the latter the reader is referred to 
the excellent presentations in [THl [STJ [521 US] and references therein. Yet, for (/)| and GN2 which respectively 
are superrenormalizable and asymptotically free in the ultraviolet, the short distance behaviour is governed 
by a Gaussian RG fixed point. Thus the concerned composite fields do not exhibit anomalous scaling 
dimensions. In this article we construct a composite field with dynamically generated anomalous dimension 
governed by a nontrivial RG fixed point. Regarding similar anomalous dimensions for elementary rather than 
composite fields we should mention the previous works |29| and [S]- The first concerns a model believed to 
have anomalous scaling (see, e.g., the review [63] §2.7]). However, after a more than heroic effort, the author 
stopped at the construction of correlation functions. To get a hold on the anomalous dimension would have 
required the extra work consisting of more precise estimates on the quantity 5* (N) in [521 P- 189] together 
with the short distance asymptotics of some correlation function. The second goes the full distance and 
proves the existence of anomalous dimension. However, the latter is governed by a line of fixed points and 
depends on the coupling, unlike the situation for the paradigmatic Wilson-Fisher fixed point [73] . We should 
from the onset warn the reader that our main theorem, given in ^JS] seems in contradiction with a statement 
made in |33[ p. 277]. Whether this contradiction is real or only apparent remains to be seen. By apparent 
we mean a contradiction which could be explained away, e.g., by the difference between the models or the 
objects to which the conflicting statements apply as often happens when one takes limits in different orders. 

The particular model studied in this article is what we call the p-adic BMS model in honor of Brydges, 
Mitter and Scoppola who initiated the rigorous study of its real counterpart [14] . This followed the earlier 
study of a similar model by Brydges, Dimock and Hurd [TB]. The real BMS model formally is a Radon- 
Nikodym perturbation of a massless Gaussian measure d/^c_^(0) for a random scalar field ip on M.^ with 
covariance 
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Here e > is a small bifurcation parameter. The Radon-Nikodym weight is heuristically given by a constant 
times 

(1) """"^{'L • 

Compared with the model studied in [T3], the BMS model has several advantages. The first is that it is 
technically simpler since it does not require wave function renormalization when e < 1. It is also more 
physical. Indeed, the BMS family of models indexed by e includes the masslcss model at e = 1. Even for 
e < 1 the BMS model is also, in all likelihood, Osterwalder-Schrader positive and should therefore lead to 
the construction of a unitary QFT in Minkowski space. Note that this kind of models with fractional powers 
of the Laplacian represent the best one can presently tackle as far as the rigorous study of the phenomena 
associated to the Wilson-Fisher fixed point. Indeed, the so-called e-expansion in the physics literature is 
usually based on dimensional regularization which, as far as we know, has not been defined rigorously and 
nonperturbatively. See however j43j for an intriguing conjecture which may lead to progress on this issue, 
although it needs some amendments as shown in [55] . 

In |14] the authors considered an ad hoc RG transformation for this model in the formal infinite volume 
limit and they proved the existence of a nontrivial fixed point. They also constructed its local stable manifold. 
This was followed by [2] where connecting orbits joining the trivial fixed point to the nontrivial one were 
constructed. In this article we study the natural p-adic analogue of the real BMS model considered in [IHIl]. 
Here the random field (j) lives on instead of M.^ but it still is a real- valued field. There already is a rather 
large body of literature on j3-adic QFT models (see [53] and references therein). However, we have not seen 
in this literature an explicit rigorous nonperturbative construction of the self-similar scalar field studied in 
this article (or the very similar version on Qp instead of Qp), although the technology for doing that has 
been available for a long time, i.e., since the ground-breaking work of Blehcr and Sinai [TT] [T^]. Indeed, 
the RG transformation naturally associated to a random field over the p-adics falls under the umbrella of 
hierarchical RGs. This connection was bricfiy pointed out in [TU]. The only p-adic QFT model for which 
we have seen an explicit construction is that in [53] . Yet, the propagator in that model has a very mild 
singularity in the ultraviolet so that Wick ordering and hypercontractivity techniques are enough to do the 
construction. Furthermore, the issue of infinite volume limit [37] [30] is not settled. 

In the next few paragraphs we will try to give a rough idea of our result and methods. The precise 
statement of our theorem which was already announced in [1] will be recalled in ^ after the necessary 
definitions, in particular regarding p-adic analysis, are presented in ^ For the sake of pedagogy and 
efficiency we will pretend to be working over M.^ in what follows. This will delay having to come to terms 
with some oddities of the p-adic world such as: the size of L is L~^, the lattice is Q^/Z^ while is a 
lattice cell, and so on. The reader should bear in mind that it is the p-adic analogues of the following 
statements which are addressed in this article. First introduce a number L > 1 which serves as a yardstick 
for measuring changes of scale. This is the analogue of L = 2 used in the dyadic decomposition methods 
in harmonic analysis. We then define a cut-off covariance C^, for r € Z, by suppressing Fourier modes or 
momenta k with size greater than L^'' starting from the non-cut-off covariance 

where the symbol [cj)] stands for the quantity i.e., the scaling dimension of the free massless Gaussian. 
We also change the integration set in ([T]) from R"^ to a finite volume Ag of linear size L'^, s G Z. As 
renormalization theory tells us to, we also replace the couplings 5, /i in H]) by r-dependent quantities (jr and 
p,r. This dependence is also called a bare ansatz. Finally, we also replace the monomials (/)(a;)^, 4>{x)'^ by their 
Wick ordered analogues : 0^ -.Cr {x)^ ■ '/'^ -Cr i^)- This corresponds to a triangular change of coordinates, 
namely, switching from the monomial basis to that of Hermite polynomials which is more convenient. These 
modifications result in a well defined probability measure dh'r,s{4') with moments or correlators 

(^(Xl) • • • 0(x„)>r,s • 

We construct the wanted measure diy as the limit of the dvrjS when the ultraviolet cut-off r is taken to — oo 
and the infrared cut-off s is taken to oo. The particular bare ansatz we use is of the form 

where g, fi are fixed quantitites. In fact the mass /i has to be fine-tuned to its so-called 
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critical value ^c(ff)- The correlators {(j)[xi) ■ ■ ■ (j){xn))r,s are obtained as derivatives of a moment generating 
function Sr.sif) in terms of a test function /. This generating function is of the form 

where ipif) denotes the distributional pairing. 

The first step of the analysis involves a 'rescaling to unit lattice' which is a change of variables in the field 
4>ix). Indeed, the latter sampled according to the Gaussian measure with covariance Cr has the same law as 
the field L~'^^'^^if>{L~^x) where the new (p is sampled according to the Gaussian measure with covariance Co- 
One then repeatedly applies an RG transformation to both the numerator and denominator of the resulting 
expression for Sr.sif)- its naive form this transformation is based on the identity 

(2) J d^co(0) e"^^^^ - / dtiCo{4>) 
with a new potential V given by 

= - log dMr(C) e-^(«+^-'^'^(^-^-))) 

where F = Cq — Ci is the fluctuation covariance involving Fourier modes in the shell L^^ < \k\ < 1. In fact 
we need to extract a field independent quantity Sb in ^ which becomes 

while the new potential rather is 

= SbiV) - log dMO e-^(^+^-'''*(^^'*)) j . 

While the above transformation V ^ V is well defined (in finite volume), it is difficult to exploit it. 
Indeed, this transformation is most useful where it is most singular, i.e., in infinite volume. In their seminal 
article [15], Brydges and Yau, based on earlier work in constructive QFT, found a solution to this difficulty 
which is to introduce a suitable lift: 

V — > V' 

i i 

V — > v 

for the naive RG transformation V ^ V - Such a Brydges- Yau lift is highly nonuniquc and quite complicated 
but it has the advantage of providing a dynamical system which can be analyzed in the infinite volume limit 
using rigorous estimates. We define the Brydges- Yau lift relevant to the present model in 21 After the initial 
rescaling to unit lattice, the numerator of the ratio expressing Sr,s{f) gives rise to an initial vector !/(''■'")(/) 
while the denominator produces a similar one ^^'"'''^(0). The moment generating function is obtained from 
the log- moment generating function S"^{f) which itself is the limit of quantities roughly given by 

r<q<s 

where V'-^^''^ -> v(^'^+^) ^('-.''+2) ^ . . . denote the RG iterates of the initial vectors. 

We remove the cut-offs by showing the convergence of the series over (logarithmic) scales q 

(3) S^if) = |(56[F(-°°'«)(/)] - (56[f (-°°'«H0)]} . 

This hinges on controlling the deviations from the bulk ]/(''''?)(/) — (0) corresponding to the effect of a 
local perturbation due to the test function. 

Most of the previous work in rigorous RG theory relies on a translation trick (completing the square) 
which reduces the RG for the numerator to that of the denominator (see, e.g., O Ch. 4]). However this 
creates technical difficulties under RG iteration since the effect of this trick is to add an / dependent term to 
the so-called background field (the on the right-hand side of ([2])) which becomes more and more singular. 
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Since we would like to treat similar perturbations by higher smeared powers of the field, with a view towards 
composite field renormalization, a more systematic approach would be to define a more general RG map 
which handles the data y (^'"^^ (/) produced by the numerator. This is one of the main technical innovations 
in this article: we define in ^what we call the extended RG transformation which handles potentials with 
couplings g, fi which are allowed to vary with the position x of the </)(a;)™ monomials. To first order of 
approximation this extended RG amounts to taking local averages of the previous couplings and multiplying 
them by the appropriate power-counting factor. This is somewhat dual to the usual block-spinning approach 
which acts on the field rather than the couplings. The convergence of ([3]) is proved by exhibiting suitable 
decay in both infinite directions. Very roughly one can introduce L'^+ which corresponds to the size of 
the support of the test function / in direct space, while L^''~ corresponds to size of the support of the 
Fourier transform of /. Over the p-adics this is strictly true while only approximately so over the reals. The 
uncertainty principle can be seen as the relation g_ < q+. Most of the contribution to the series ^ comes 
from the range of scales where the test function lives, i.e., for q between q_ and (7+. For the (f> perturbations, 
because of our specific choice of cut-offs, the contribution of scales q < q^ is identically zero. However, when 
considering (jp perturbations smeared by another test function j this is no longer the case. In fact, a large 
part of the analysis is devoted to proving the needed decay in q after subtraction of a suitable linear term in j. 
Two sectors of the extended RG space are important for the analysis. The bulk RG corresponds to spatially 
uniform couplings (as for the denominator of Sr^sif)) and is what is needed for the control of the ultraviolet 
region. Indeed, after the initial rescaling, the test functions become diluted over a very large volume and 
thus appear spatially constant, i.e., bulk-like. On the other hand, in the infrared region the deviations from 
the bulk appear point-like. There is no more dangerous factor responsible for the expanding or relevant 
RG directions and this fact is key to the needed decay in q for q > q^. 
In this article we construct the mixed correlations 

• • • (j){xn) (j)^{yi)--- (f^{ym)) 

as distributions even at coinciding points |28| . This is done by controlling a more complicated generating 
function which very roughly is given by 

instead of Sr^sif)- In the initial rescaling or dilution, the test function / is weakened by a factor L'^'^^I'^l^'" 
while the test function j should normally be weakened by a factor L(3-2[0])r^ normally because this 

would be the case in the absence of anomalous dimension. It turns out, however, the correct weakening 
factor one needs to use is where au is the eigenvalue in the expanding direction at the nontrivial RG 
fixed point. The anomalous dimension is due to the fact au is strictly less than the analogous eigenvalue 
^3-2[0] _ g^i; f^YiQ Gaussian fixed point. This strict inequality was known for a long time. Indeed, for a 
very similar hierarchical model, Bleher and Sinai obtained small e asymptotic expansions for the eigenvalues 
at the fixed point [T^ Thm. 3.1]. The previous fact follows from such results. The new and nontrivial 
part of our proof concerns the translation of this fact about the eigenvalue into information about the 
0^ correlation functions. This we accomplish thanks to a, possibly new, infinite-dimensional version of the 
Theorem of Koenigs in holomorphic dynamics. 

In [54J §8] Koenigs proves the following result. Let F{z) be an analytic function defined near zero such 
that F{0) = and F'(0) = a with < |a| < 1. Then the limit 

*(z) = lim a-"i^"(z) 

n— >oo 

exists and is analytic near zero. It also satisfies *I''(0) ~ 1 and therefore provides a conjugation of F to its 
linearization at zero. Indeed, one has the intertwining relation 

a* = * o F . 

A two-line proof (which however was a great source of inspiration to us) was given in [1] p. 6]. It amounts 
to showing the uniform absolute convergence of the telescopic sum with general term 

5 



In our situation we have an expanding eignenvalue and we do not know if our map, i.e., the RG is invertible 
(common wisdom says not since the RG is an irreversible process of erasing degrees of freedom) . So we are 
in a situation where we rather have to construct the hmit 

*(z) = lim F'\a-"z) 

instead. In fact, the result we establish is more general. It is the existence and analyticity of 

lim RG"{v + a~"w) 

n— >oo 

for a transformation RG in an infinite-dimensional Banach space. This map has a fixed point v^, with a 
dimension one unstable manifold M^" with eigenvalue au- The previous statement applies to points v on 
the codimension one stable manifold W^, while w can be any vector which is not too large. This realizes a 
partial linearization of the RG map and is tantamount to constructing a nonlinear scaling field in the sense 
of Wegner [72] infinitesimally close to the critical surface W^. Our result holds regardless of nonresonance 
conditions because the unstable manifold in the mass direction is one-dimensional. One should also note the 
similarity of the above construction of a conjugating function to that of the classical scattering analogue of 
M0llcr wave operators [IHl [Ml ISS] • Indeed, Nelson in particular in his book popularized the scattering idea 
as a way to obtain such conjugations. He also attempted to derive Sternberg's Linearization Theorem in this 
way. Linearization results in infinitely many dimensions are rather rare. See however [35] which contains an 
interesting discussion of the relation between linearization and classical scattering. In essence, this is also 
related to the age old method of variation of constants [18]. Other authors attempted to obtain a partial 
linearization result (in the C°° category) analogous to ours [SD]. However, their proof is incorrect as they later 
acknowledged in [3TJ §12]. Our partial linearization theorem derived in ^is in the analytic category. This 
is essential for the construction of our generalized stochastic processes. Indeed, this analyticity is inherited 
by the series in the presence of the test function j. As a result we get n\ bounds on the moments of 
both the elementary field (j) and composite field (/>^. These are needed for reconstructing the measures from 
the moments. 

This allows us to produce generalized stochastic process which are translation, rotation and scale invariant 
by the subgroup of the full group of scale transformations. In a companion paper [S] we will show that 
our model has full scale invariance. This would open the door to the investigation of conformal invariance 
along the lines of [57] [56] . If one also makes progress on the OPE one could even contemplate the possibility 
of an exact solution (see [62] p. 70] and [44| for related work). Our article can be seen as taking some 
steps towards the systematic elaboration of a very general theory of 'local fields on local fields', to borrow 
a pun attributed to S. Evans. A brief sketch of such a theory was given in [3]. It is a natural continuation 
of a line of thought pursued by the Soviet School of probability theory and mathematical physics, see in 
particular [5S1 [571 [7D] . Note that the presence of anomalous dimension (for 0^) should make it clear that our 
field (f) is not subordinated to a Gaussian field in the sense of j261 [58] . However proving this would require the 
beginning of the OPE (namely generating the (fP field by collapsing two (/)'s) which we do not address in this 
article and leave for a future publication. We believe our article opens the way to a rigorous investigation of 
the OPE. The latter is of fundamental importance. Indeed, vertex operator algebras (sec, e.g., [35]), chiral 
algebras [7] and factorization algebras [53] can be seen as mathematical constructions which try to capture 
the OPE structure in QFT. 

Our primary motivation for considering the p-adic version of the BMS model is that it is a good toy model 
for the original version over the reals. In fact the model over M (for e small) is expected to exhibit similar 
features: absence of anomalous dimension (r;^ = 0) for the elementary field and presence of anomalous 
dimension (77^2 > 0) of order e for the composite field cjP. Regarding this real model, P. K. Mitter [50] 
proved nonperturbatively but in finite volume that the elementary field has no anomalous scaling. He also 
did a formal perturbative calculation for the anomalous dimension 

of 02 (see also [31]). Re garding the p-adic 
model, one can argue that the prediction of the properties 77^ = and 77^2 > was made forty years ago by 
Wilson himself in [75]. Indeed, the discussion in that article was in the framework of Wilson's approximate 
RG recursion which is what we now call the hierarchical RG. In other words, the situation considered in |75| 
is essentially identical to that of the p-adic BMS model. Using hierarchical models such as the p-adic model in 
order to shed light on Euclidean ones such as the real BMS model has been and will continue to be a fruitful 
approach. Indeed, some of Wilson's ideas on the RG were already present in the article [73]. Nevertheless, the 
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first systematic exposition of what is now known as the Wilson RG philosophy most likely is the article [73] 
which is about the approximate recursion. Only later came the adaptation of his methods to the model over 
M which found its definitive presentation in the famous lectures [77]. Our methodology is to try to follow a 
similar path. In doing so wc took great care in choosing, for our treatment of the p-adic case, methods which 
are known to work over the reals. Wc simply transposed such methods, in as natural a way as possible, to 
the p-adic setting. Indeed, the definition of our RG transformation in 531 the corresponding estimates in ^d.'Sl 
as well as some of the dynamical systems techniques in ^were directly adapted from [l4l[2]. We believe the 
main nontrivial task which remains in order to extend the results of the present paper to the real case is to 
devise a proper analogue of the extended RG given in §31 Such a transformation should essentially reduce, 
in the special case of spatially uniform potentials, to the RG transformation in [T31 H]. This problem is a 
matter of harmonic analysis and is thematically similar to extending a result about Walsh series to Fourier 
series (see, e.g., [24]). 

Our secondary motivation is to help facilitate the investigation of the connection between QFT and number 
theory. This is perhaps still at the speculative stage. Nevertheless, see [TB] [T7J [331 ISS] [Ml \EM for interesting 
work in this direction. We hope our article will help number theorists unterstand how the rigorous RG works 
when used for the construction and study of QFT functional integrals. 

We will end this introduction by commenting on the length of this article. There are two reasons for this: 
the choice of methods and the high level of detail. As we said earlier we did not try to prove our result 
about the p-adic BMS model in the quickest and most direct manner. The potential for adaptability to the 
real situation was the overarching principle that guided our investigation. Also note that some of our results 
are stated in more generality than needed for the sole purpose of proving our main result which is Theorem 
131 An example is Theorem |31 The benefit reaped from this methodological choice is that we will be able to 
reuse Theorem |4l exactly as stated, and in combination with the techniques from [2] , in order to construct 
the generalized processes or QFTs corresponding to the RG orbits connecting the Gaussian and infrared 
fixed points. As for the amount of detail, we note the following. Interest in QFT by mathematicians is high 
while the community of people with a working knowledge of constructive QFT and rigorous RG theory is 
very small. This gives us a strong incentive to write this article so it is understandable to a wider audience. 
Our presentation is essentially self-contained and only uses very modest prerequisites to be mentioned in 
the next section. We believe our article can also be read profitably by students in theoretical physics who 
would like to see, on a simple example, what is the precise relation between the RG dynamical system near 
a fixed point and the behaviour of the correlation functions. Such a reader may skip the sections containing 
estimates such as i j6.3l Last but not least, our article concerns matters on which much was published that 
contained errors. We needed the high amount of detail to be absolutely sure that our proof is correct. 

2. Preliminaries 

2.1. Generalities about p-adics. Here we breifiy review the basic notions about p-adics which are needed 
in this article. More details can be found in [TTHHISI]- See also [75] for a quick introduction to the p-adics 
which includes very helpful pictures. Let p be a prime number and consider the p-adic absolute value | • |p 
on Q defined by \x\p = if a; = and \x\p = p~'' if a; = | x p'^ where a, fc € Z and b, a positive integer, are 
such that a, b are coprime and neither are divisible by p. The field Qp of p-adic numbers is the completion 
of Q with respect to this absolute value. Every x in Qp has a unique convergent series representation 

x = ^ a„p" 

where the digits a„ belong to {0, 1, ... ,p — 1} and at most finitely many of them are nonzero for negative n. 
The absolute value of a; 7^ can be recovered from this representation as \x\p = p^"p^^^ where 

Vp{x) ~ minjri G Z | a„ 7^ 0} . 

Using the same representation one can define the fractional (or polar) part of x which is {x}p = X]n<o '^nP"'- 
The closed unit ball Zp = {x G Qp\ \x\ < 1} is a compact subring of Qp. From now on wc will drop the 
p subscript from the absolute value. The additive Haar measure on Qp normalized so that Zp has measure 
one will simply be denoted by da;. In d dimensions, the p-adic norm of a vector a; = {xi, . . . , a;^) £ Qp is 
defined as |a;| — max{|a;i|, . . . , |a;rf|}. The product measure d'^a; obtained from the previous one-dimensional 
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measure is invariant by the subgroup GLd(Zp) of GLd{Qp). The subgroup GLd{'Lp) is defined as the set of 
dx d matrices which together with their inverses have entries in Zp. This subgroup is the maximal compact 
subgroup of GLd{Qp) (unique up to conjugacy) and is the natural analogue of the orthogonal group 0{d) 
acting on M''. The use of the maximum in the definition of the norm is motivated by the resulting invariance 
with respect to G'Ld(Zp). 

The space of real (resp. complex) test functions 5(Qp,R) (resp. S{Qp,C)) is the Schwartz-Bruhat space 
of compactly supported locally constant real-valued (resp. complex-valued) functions on Q^. If we do not 
specify the target, then we mean JR. Recall that a seminorm on S{Qp) is a function J\f : S{Qp) [0, oo) 
which satisfies the usual norm axioms except the requirement that Af{f) = implies / = 0. The coarsest 
topology on S{Qp) which makes all possible seminorms continuous is called the finest locally convex topology 
and it is the one we use. The space of distributions 5'(Qp) simply is the topological dual of S{Qp) which 
turns out to be the algebraic dual. Note that S{Qp) is a nonmetrizable topological vector space. Therefore 
the theory of denumerably Hilbert nuclear spaces does not apply to it. 

The Fourier transform of a complex valued test function / is defined by 

f{k) = / f{x) cxp{~2iTT{k ■ x}p) d'^x 

where k-x = kixi + - ■ ■ + kdXd and the rational {k-x}p is seen as a real number. One has that the characteristic 
function of is fixed by the Fourier transform, that is t^d = Igd . From this it easily follows that the space 
S'(Qp, C) is stable by Fourier transform. One can also define the Fourier transform of distributions by duality. 

One has an analogue of the nuclear theorem in this setting which allows one to identify an n-linear form 
W : S{Qp) X • • • X S{Qp) — >■ K with a distribution in S'{Qp'^). We believe the most expedient way of proving 
such results as well as the ones in ij2.2l is by following B. Simon's philosophy of exploiting a topological vector 
space isomorphism with a very concrete space of sequences (see [67] and [69l §1.2]). Indeed, it is easy to see 
that S{Qp) can be written as a countable union of an increasing sequence of finite-dimensional vector spaces 
Vi C C • • • . One can construct a basis (/ri)neN by taking a basis of Vi, then appending vectors needed 
to complete it into a basis of V2, etc. If one takes (e„)„gN to be the Gram-Schmidt orthonormalization for 
the inner product (•,•) then the map 

/ ' ^ ((fin, f))neN 

realizes such an isomorphism from S{Qp) to s = ©„gNR. Namely, s is the space of almost finite sequences 
(2;Ti)n>o of real numbers, also equipped with the finest locally convex topology. The dual is the space s' = 
of all sequences (i/„)„>o with duality pairing given by X]ji>o •^^y"- ^^^^ setting it is very easy to 
prove statements such as; a bilinear form on s is automatically continuous. This follows from the, somewhat 
counterintuitive, remark that if (ai.j)(i j)gi5j2 is an array of nonnegative numbers, there exists a sequence 
i>n > such that a(ij) < bibj for all i and j. The same property also holds for multilinear maps. 

Next we need to define some transformations which will allow us to give a precise formulation for the 
notions of translation, rotation and scale invariance. If one views a point x in as a column vector then 
one has a left-action of GLd{Zp) on points simply by matrix multiplication. It results in left-actions on test 
functions /, distributions and more generally n-linear forms W on S'(Q^), using 

{M ■ f){x) = f{M-'x) , 

(M.0)(/) = ^(M-i./) , 

(M • W){h, ...,/„)= W{M-' •/!,..., • /„) . 

Such objects are called rotation invariant if they are preserved by all M G GLd{'^p). If one formally thinks 
of a distribution </> as a 'function' via the pairing 

m = / '^(a:)/(x) d'^z 

then the choice of definition means "(M • 4'){x) — (/){M~^x)" . Thus, a distribution is rotation invariant if 
''(j){M-^x) = (l){xY for all M and x. 
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Likewise regarding translations, one can define for y G Qi the transformations 



Ty{x) ^x + y , 
Tv{f){x) ^ fix-y) , 

rym.f) = ^ir~y{f)) , 
Ty{W){h, ...,/„)- W{T^y{h), r_,(/„)) . 



One then defines the notion of invariance by translation for such objects in the same way as before. 
We now consider scaling transformations. Given A € Q* = Qp\{0}, we write: 



This corresponds to the formal equation "(A • (p){x) = 0(A ^x)" . A distribution </) is called partially scale 
invariant with homogeneity a e R with respect to a subgroup H of the full scaling group C Q* if 
A • </) = |A|-"^ for aU XeH. This formally means "|A|"(/)(A-ia:) = <?!)(a;)". 

2.2. Probability measures on the space of distributions. The generalized stochastic processes we 
will be interested in are probability measures on the space of distributions S'{Qp). The ct- algebra is the 
cylindrical one C which is the smallest that makes the maps (j) — > 0(/) measurable, for all test functions 
/. Such a probability measure i> is called rotation invariant if for any M g GLdC^p) the push-forward (or 
direct image) of v by the map (j) ^-^ M ■ (j) is v itself. Invariance by translation is defined in the same way. 
A probability measure on S"(Qp) is called partially scale invariant with homogeneity a with respect to the 
subgroup H if the push-forward of v by the map (/> i-J- |A|"(A ■ (f) \s v itself, for all H . 

We now need two theorems which allow us to construct and identify probability measures from their 
characteristic functions or their moments. The first one is the analogue of the Bochner-Minlos Theorem 
(see inni §1-2]) in the p-adic setting. The second is a reconstructions theorem with n\ bounds for the 
Hamburger Moment Problem on 5'(Qp). 

Theorem 1. Let ^ be a function S{Qp) — > C which satisfies 



then there exists a unique probability measure v on the measurable space (S"(Qp),C) such that for all f E 
SiQ'i,) we have 



{X-f){x) = f{X-^x) , 
{X-m)^\MU{X-'-f) ■ 



(1) m = 1, 

(2) $ is continuous, 

(3) For all n > I, all test functions fi, 



t fn 

in S{Q^) and all complex numbers zi, . . . , 



n 



ZaZb $(/6 - fa) e [0,00) ; 



a, 6=1 





which satisfies 



5'(Q"'',C) one has 




[0,oo) , 



n,m>0 



(4) For all finite dimensional complex subspace V of S{Qp,C) there exists a semi-norm J^v on S{Qp,C) 
such that for all n > and all fi, . . . ^ f„ in V one has 



\Snifi ® • • • ® /„)| < n! X A/V(/i) X • • • X A/V(/„) ; 
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then there exists a unique probability measure with finite moments v on the measurable space (S"(Qp),C) 
such that for all fi, . . . , fn G S{Qp, C) we have 

Snifl / di/(0) • • • 4>{fn) ■ 

Note that wc used in the statement of the second theorem some obvious functorial properties of the 
nuclear theorem with respect to complexification. We do not give the proofs of these two theorems. We 
simply note that, via the isomorphism with s and s' and Kolmogorov's Extension Theorem, they reduce 
to their finite dimensional versions which are classical results in analysis. Finally, we will use some basic 
formulas for Gaussian integration and manipulation of Wick monomials. These are left as easy exercises for 
the reader. This material is also covered in [311 Ch. 9], [551 §1-1], [Ml §2.2]. 

2.3. Banach space analyticity. A tool which we use a lot in this article is the theory of analytic maps 
in the complex Banach space context. See for instance [H] for an introduction or reminder. We also need 
to consider the analyticity of maps on S{Qp,C). However when we do so we always restrict to a finite- 
dimensional subspace so we only need the usual notion of analyticity on C". This allows us to avoid using 
the more involved theory of analyticity in locally convex spaces [IS]. We only state here a lemma that is 
used many times in this article and which allows us to get Lipshitz estimates in an effortless manner. We 
use the notation B{xo, r) for the open ball of radius r centered at xq. We likewise use B{xo, r) to denote the 
corresponding closed ball. 

Lemma 1. Let X and Y be two complex Banach spaces. Suppose ri > and 7'2 1^ 0. Let Xq € X and 
yo € Y, and let f be an analytic map 

f : B{xo,ri) — > B{yo,r2) . 
Let V g (0, \), then for any xi,X2 £ B{xo, i^ri) 

\\fix^)-f{x2)\\<^^^|^-^^\\x^~X2\\ . 
Proof: Suppose xi ^ X2 satisfy the hypothesis of the proposition. For z E C define 

, . J, f Xi +X2 , Xi- X2\ 

g{z) = fl^-^ + z^^j-yo. 

We first find a bound on |z| which garantees that the argument of / is in the ball B{xo,ri). Since v < 
we have 

2ri(l — v) > 2uri > — xo|| + \\x2 — xo\\ > \\xi — X2\\ ■ 

Therefore 

_ 2ri(l-^) 

-''-max — II w ^ ^ • 

\\Xx- X2\\ 

Now the open interval (1, i?max) is nonempty, and for any R in this interval as well as for any z with jz] < ^i! 
we have 

..X1+X2 ^ Xi~X2 II ^ , i?|| II 

II 2 ^ 2 ^''"^ + -^IFi ^ ^2|| < ^-i ■ 

Let 7 be the circle of radius R around the origin in the complex plane. For such an R £ (1, i?max) we have 
by Cauchy's Theorem 

f{x^)-f{x2)=g{l)-g{-l)= ^ ^ ^^^^ 

Hence 



ni .1^ — 1 



||/(a;i)-/(a;2)|| < - x 27r7?r2 x max / ^ ■ 

TT \z\=R — 1| — 1 

We now minimize this bound with respect to R £ (l,i?max)- Since R 1— >■ j^J^i is decreasing on (l,oo), 

. r '2R 2_Rj^^ax 
mi — = — ^ . 

fle(i,i?,nax) i?2 - 1 i?Lx- 1 
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Inserting the formula for i?niax in the upper bound for | |/(a;i) — /(a;2)| | and simphfying the resulting expression 
gives the desired Lipschitz estimate. □ 



3. Formal statement of the results 

Now let us pick d ~ 3 and for < e < 1 let us denote the quantity by the symbol [0] . Let L = for 
some integer / > 1. For r G Z (typically negative), we consider the bilinear form on S{Qp) given by 

C(fa)-f /(-fc)g(fc)a{|fc| < L-^} ,3, 

where we use ]!{•••} for the characteristic function of the condition between braces. By Theorem [U there is 
a unique probability measure /zc^ on S"(Qp) such that for any / £ S{Qp) 

(e«>),.^^^exp(-la(/,/)) 

where we used the statistical mechanics notation for the expectation with respect to (f> sampled according to 
the measure /ic^- Note that one can write, with a slight abuse of notation 

CrU,g) = [ Cr{x - y)f{x)g{y) A^x d^y 
where the function Cr is explicitly given by 

oo 
n—lr 

The measure is supported on distributions given by bonafide functions which are locally constant at 
scale L*", namely, constant on each coset in Qp/(L~''Zp)'^, the latter quotient playing the role of the lattice 
of mesh U' . Note that since \p\ = p^^ where the p on the left wears its p-adic hat while the one on the 
right is viewed as a real number, the volume of (L~''Zp)^ is L^^ in accordance with the intuitive image 
of a three-dimensional box with linear dimension U'. For s G Z (typically positive), we use the notation 
As = {x £ Qpl |a;| < L^} and we also define the Wick powers 

(x) =0(a;)2~a(O) , 
and, given g > as well as yU G M, the potential 

V;,.(0) = ^ g : 04 ^ i-(3-2[0]). ^ . ^2 (^)| ^3^ _ 

By the previous remarks, the measure 

di^.,s(0) = ^e-^-=(^)d/ic.(</') 

is a well defined probability measure on S'{Qp) with finite moments. The normalization factor Zr^s is at 
least equal to one as can be seen from Jensen's inequality. We will denote expectations with respect to i^r.s 
by {■ ■ ■)r.s- Finally, given a locally constant at scale L'^, we define an element AV[0^] of S'{Qp) by letting 
it act on j G S'(Qp) via 

Nr[^^]U) = V / (y2 ■■ cf>' {x) - Yo L^^r^A ^■(^) 

where Z2,Yo, Y2 are parameters used in the construction. 
We will also use the notation 

_ jp^ - 1) 

^* 36 L^(l-p-3) ■ 
The main result of this article is the following theorem. 
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Theorem 3. 

3p > 0, 3Lq, \fL > Lq, 3eo > 0, Ve € (0, eo], one can find rj^2 > and functions ^(g), Fo(5)i ^2(5) of g in 
the interval {g^ — pe^,g^ + pe^), such that if one sets p = p{g), Z2 ~ L~^^*^ , Yq = ^0(5) and Y-i = Y^is) 
in the previous definitions, then for all collections of test functions /i, . . . , /„, ji, . . . ,jmj the limits 

lim (<^(/i) • • • </)(/„)iV402](j^) . . . Nr[^\jm))^^ 

exist and do not depend on the order in which the r — —00 and s — > 00 limits are taken. Moreover, 
the resulting quantities or correlators henceforth similarly and formally denoted by dropping the r and s 
subscripts (and using squares, 4-th powers, etc., for repeats) satisfy the following properties: 

1 ) They are invariant by translation and rotation. 

2) They satisfy the partial scale invariance property 

(0(A-/i)---0(A./„) N[<f']{\-3,)---N[cj,\\-3m)) = 

|^|(3-M)n+(3-2[0]-i„,.)™ . . . N[<f'](n) ■ ■ ■ N[<j,^]{3m)) 

for all X £ . 

3) They satisfy the nontriviality conditions 

(0(]lz3)4)-3((/)(]lz3f) <0 , 

(7V[</.2](%f) = l . 

J^) The pure (j) correlators are the moments of a unique probability measure on S'iQl) with finite 
moments. This measure is translation and rotation invariant. It is also partially scale invariant with homo- 
geneity — [(j)] with respect to the scaling subgroup . 

5) The pure N[4>'^] correlators are the moments of a unique probability measure on S"(Qp) with 
finite moments. This measure is translation and rotation invariant. It is also partially scale invariant with 
homogeneity —2[(f)\ — ^f]^^ with respect to the scaling subgroup . 

6) The measures and v^i satisfy a mild form of universality: they do not depend on g in the above- 
mentioned interval. 

4. Definition of the extended RG 

4.1. Functional spaces. In this section we will introduce the different spaces on which the RG transfor- 
mation will act. The basic space we will use is C), namely, the space of nine times continuously 
diffcrentiable functions from R to C which, together with their derivatives up to order nine, are bounded. 
On this space we will use seminorms || • defined for K G C^jj(]R, C) by 

Here d4> is merely a symbol which indicates the variable with respect to which the derivatives are taken. 
This will be especially useful when the function may depend on several such variables. By contrast, ip is an 
argument of the seminorm. The derivatives are evaluated at = -0 and therefore the result depends on -0. 
Finally 9 G [0, 00) is a parameter used to properly calibrate this seminorm. We will mainly use two values 
for this parameter denoted by h and /i* to be specified later. As an example of use of the previous notation, 
we have ||0^||a</,,^,e = + 2d\ip\ + 9^. In the important special case where = 0, we will abbreviate the 
notation into 

\Ki<j,)\a^,e = \\K{Ma<i>,o,e • 

A nice property of these seminorms is multiplicativity. Indeed for any two functions A'l, K2 in Cj^j(R,C) 
we have 

\\Ki{(j))K2{(j))\\d4,,^,e < \\Ki{(j))\\d^^^fi X \\K2{(l))\\d4,^^,e 

which is an easy consequence of the Leibniz rule and the choice of jj weights. 
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d(l>> 



To a parameter g > called a calibrator we associate a norm ||| • |||g on the complex Banach space 
Cgd(R,C) defined by 

\\\K\\\g = max< \K{(t))\o^,h,,g'^ sup \\K{(j))\\o^,^,h \ ■ 
[ 0eK J 

The parameter h > will be a function of g while /i* > only depends on L and e. We also introduce the 
notation C^j(,^(R, C) for the closed subspace of Cj^j(R, C) made of functions K with the even symmetry 
Ki-cj,) = K(cf). 

We use the notation = Qp/(i^''Zp)'^ for the lattice with mesh L'' . The unit lattice Lq will simply 
be denoted by L. We will typically denote an element of the latter by A. We will call such an element a 
unit cube, a unit block or simply a box. Elements of Li will be called L-blocks. These are all of the form 
i^^A for some A e L. We will denote by [L~"'^A] the set of unit blocks contained in the L-block L~^lS.. For 
X G Qp we denote by A(a;) the unique box in L which contains x. 

We will need to work with complex valued test functions on belonging to suitable finite-dimensional 
subspaces of S'(Qp,C). For any q-,q+ € Z such that q- < q+ we define the space Sq_^q^{Qp,C) of test 
functions with support in Aq^ and which arc locally constant at scale i''^ . Namely, a complex- valued test 
function / belongs to Sq_^q^{Qp,C) if and only if 

Vx e Ql, fix) ^ =^ |x| < L«+ 

and 

V.T,yeQ3, \x-y\<L^- =^ f{x) = f{y). 

By a trivial compacity argument, it is clear that S{Qp,C) is the union of all the subspaces Sq_^q_^{Qp,C). 
The latter have complex dimension 

The most general RG transformation considered in this article is denoted by i?Gox and is called the 
extended RG map. It will be defined as a transformation V i-^ V' on the Banach space £cx defined as 
follows. An element of that space is an indexed family 

("1^a)agl 

where 

Va = (/34,A,/53.A,/32,A,/3l,A,W^5,A,W^6,A,./A,i?A) ^ X C^^{R,C) . 

Given suitable positive exponents ei, 62, 63, 64, ew, sr we define the norm 

\\Va\\= max{|/34,A|5"'^ WsAlr"', l/32,A|5"'^ IPiAlr"', 

|l^5,Ar^'MW^6,Ar^'M/A|i('-[*l\ |||i?A|lb ff"'"} 

for the components living in a box A, and 

11^11 = sup IIT/aII 

AgL 

for the whole infinite vector. Now £ox is by definition the Banach space 

fcx^lv^e n (C'xC,^d(M,C)) I ||F|| <c»l . 
I AeL J 

We let £bk denote the closed subspace of £cx made of vectors V ~ (Va)agl such that Va is constant with 
respect to A. This corresponds to uniform potentials which are relevent for the bulk RG evolution. We have 
a canonical isometric identification between fbk and the one-box space £ib = x C^j(M, C). By definition 
£ = X ev(^i ^) consists of elements of the form {g, n, R), with R even, to which one canonically 
associates 

F = (g,0,Ai,0,0,0,0,i?) 

in £iB- Finally we define £pt to be the closed subspace of £cx given by vectors (Va)agl such that Va = if 
A 7^ A(0). This corresponds to point-like perturbations living at the origin. It is easy to see that £bk and 
£pt are in direct sum inside £cx- We will later see the that fbk ffi £pt is stable by the extended RG. 
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4.2. Algebraic definition of RGcx- We now proceed with the presentation of the formulas which express 
the map V t-^ V ~ RGcx[V]. We will also define a collection 5b[V] ~ (5&A[^^])AeL G C"^ of field independent 
quantitites also called vacuum contributions. 

We will need the following notations for scaling shifts. For a field (p living on and for any q E Z wc let 

For a test function / which is typically paired with a field we write 

Finally for a test function j which is typically paired with a (j)'^ field we write 

At the beginning of the RG analysis one needs to do a rescaling which transforms the ultraviolet scale L"^ 
into = 1, i.e., unit scale. Quantities resulting from this initial rescaling will typically be denoted without 
tildes whereas the original or native quantities will usually be denoted by tildes. Given g and ^ as in ^ we 
use the notation 

Then for a field (p which is locally constant at scale L"^ one has 

Vr.s{4>) = / d^X gr ■■ 4>'^{x) -.Cr +f^r ■ 4''^ {x) iC, 

according to the definition in fJSl 

For test functions / and j in Sq_^q^ (Qpi C), our main quantity of interest will be 



ZrAf.j) = / d/ic.(0) exp -VrA4) + cf>if) + Y^Zl : (/.^ :c. (j) - Y^Zl \ j{x) d'x 
where we used the pairing 

: 0' 0) = / : -C. (^) ji^) 
and where Z2,Zq > and Y2,Yo eM. are yet to be defined. Indeed, one can obtain the correlators 

as multiple derivatives at / = j = of the moment generating function 



2r,.(0,0) 



Note that if (p is distributed according to dfiCr then if we define (jj so that (f) ~ (p-^r then wc have that 
is distributed according to d^Co ■ We also have 



VrA<t^-^r) = / d?x L^^-'^^^y~gr : cp\x) -.Co +L'-'~'^'^^> fir : 4\x) 
Therefore by a simple change of variables from (p to cp we have 

ZrAf3) = exp (^-Y.Z-'.L^^*^- j^^j{x) d^a;^ 

d^lCo{4) exp {~VrA^) + CPU) + Y2ZI : 02 Q-)) 



where / = f^~r and j = j^-r and 



VrA4) = / d^x [g : cP^x) :co : 4>''ix) :co] 



When r < (7_ < (7+ < s, the latter functional integral can be written in the form 



for a suitable vector V in fox- Here the integrand associated to such a vector is defined as follows. Note that 
such a vector can be written in a compact way as 

y = (/34,...,/3i,M^5,M^6,/,i?) 
where each entry in V is an indexed collection of unit box dependent quantities, for example: 

/34 = (/34,a)agl • 

Note that we will also make the natural identification between functions on which are constant over unit 
blocks and L-indexed vectors. For example if / G "^CQp, C) is constant over unit blocks then we can just as 
well think of / as the collection (/a)agl where /a(k) = f{x) for all x € Qp. We will also use this device for 
the /3's and Ws. 

The corrcspondance between l/'s and integrands is given for any integer t > as follows: 



uvm = n ^Am(0) 



with 



AeL 

AcAt 



2:a[V^](0) = e-^^"^^ X {exp [-/34,a : 0a -Co "/^s.a : 4'\ -Co ~P2A ■ <fi -Co -/3i,A : <^A :c„] x 



(1 + W5,A : 0i --Co +We,A : -Ca) + RAiM} ■ 

The RG evolution of V and the definition of the field independent quantities Sb will gives us, for t > 1, 
the following identity: 



d^Co(</') 2:4V"] (0) = exp 



where we used the notation 



AgL 
AcAt- 



X / dfiCo{^)It-i RG,4V] (0) 



(/, Tf)x = / d'x d'y fix) T{x - y) f{y) 

for any measurable subset X of Q^. 

Each choice of r, f,j gives us a sequence of vectors iV^^''^\f , j))q,zz^r<q<s- The first such V in the sequence 
is given by: 

V^'^^^'HIj) = (/34,/33,/32,/3i,W^5,M^6,/,i?) 

where 



/3i = 

W5 = 

We = 

R = 

f = 

/32(x) = 

With these definitions we have that: 









g for all x 

^i - Y2ZI L(3-2[0])r foj. all X 



ZrAfJ) = exp -Fo^Ji'I^l'' / j{x) d^x X / dMCo(0) j)](0) 
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where from now on we will drop the domain S"(Qp) of the functional integrals. We define V^'^''^\f , j) for 
r < q < s hy iterating the extended RG transformation q — r times, namely: 

Iterating the RG transformation gives us the following equation for Zr.s{f,j)'- 



X exp 



E 

r<q<t 



ZrAfJ) = exp -yo^oi"'*!'' / 3ix) d^x 

\ 



V 



AeL 

AcAs-,-1 



which holds for every scale t with r <t < s. The notation /(''^'?) stands for the / component of j). 
We stop the RG iterations at t = s — 1. i.e., when the finite volume A becomes a unit box. This gives 



ZrAfd) = exp -Fo^Si''*"^ / j(^) d'x X 



exp 



E 

r<q<s-l 



V 



AeL 

AcAs-,-1 



X dZrMd) 



where the boundary factor is: 



which reduces to an integral over a single real variable. 

The full RG transformation V ^ V ~ RGcx[V] will be defined by specifying 

starting from the analogous unprimed quantities. We will also define the corresponding 5b = Sb[V] at the 
same time. 

The easiest terms are given by: 



(4) 

where "avg" means the average. 
We also have 



= L3-[*1 avg /a 



Wq^a' = avg W6,A + 8L-6[' 

Ae[L-iA'l 



/34 /34 



and 



K,A' = i^^^'"*' avg W5,A + eL-^I"^! / + UL-'^^fi + 48L" 



Ae[L-iA'] 

The Feynman diagrams are given explicitly by 



5[<P] /' 

We 



134 



We J(L-iA' 



d'xd-'ypiix) r(x-y) Piiy) 



(L-iA')2 



d'x d'yWeix) Tix-y) f{y) 
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Pi Pi 



and 



/34 

/ 



/33 J(L-iA')2 



Pa Pa 



d^x d^y I3i{x) T{x - y) Pi{y) V{y - z) f{z) 



where we again used the correspondence between vectors indexed by unit cubes and functions on Q^, i.e., 
we used I3a{x) = /34,a(x)i etc. 

We will need the following intermediate quantities 



/c,A' 



L 



3-fcI. 



avg Pk,. 

A6[L-iA'] 



for 1 < fc < 4. 

We will also write 



fc=i 

Qa(</') = W^5,A : 0' :co ■ ^Co 



and 



These are functions of a single variable (j) = 4>a ■ To lighten the notations we drop the reference to A for the 
field (j), when this causes no ambiguity. We have, using the decomposition of Gaussian measures 



dficoi^) it[v]{^) = I dMco(0) n { 

AeL 

AcAf 

d^coW j d^ir{0 n { 

•J A ^TT 



g/A01,A+/ACA 



AeL 

AcAt 



*^'^+'^^^+i^A(01,A+CA)]} 



where 4>i = 4>^i. 

We then organize the product according to the L-blocks containing A and use the independence of the ( 
random variables living in different L-blocks to obtain 



j A^icMUV]{4>) = JdfiCoW n (/dMr(C) 



A'eL 

A'cAt_ 



,a+/aCa 



Ae[L-iA'] 

/d/ico(0) n (e^^'^^'x^A 



,-Va(01,A+C 



+ Aa(0i,a + Ca) } 



A'eL 

A'cAt_ 



where 



Ba' = J dMr(C) n {^^^^^ ^ ^e-^'^i'Pi.A+U) + KA{(t>iA + Ca)] } 



Ae[L-iA' 

With a slight abuse of notation we define 



VA(0i) = 5]/3fe,A:0^ :ci 



fc=i 
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We also let 



k,A' ■ '-Co 



k=l 



Note that X^AefL-iA'] ^a{4'i) — ^A'('/') where (j) is in fact the component (f)j\i of the field but we suppressed 
this from the notation. Now define 



namely 



PA 



a,b ^ 



PA =Pa(9!>i,C) = VAi4'i + ~ yAifl^i) 
a + b<A 1 (a + 6)! 



> , 6 > f j a! 6! 



/3a+b,A : -Ci X : C'' :r 



'Va(01+C) _ g-VA(0l) 



Now let 

PAi^iX) = e' 
We expand Sa' by writing the factors as 

g-yA(0i,A+CA) + Ka{^i,a + Ca) = e-^-^(^i) + Pa (01,0 + Aa(<^i,a + Ca) 

This results in 

B^, = e5(/^r/)^_i^,-i/A,W) KA,{(f>) 

where 

Ka'{^) ^ f ^^r(C) e^^-iA'/C X 



n 



-Va(</.i) 



n [^a(.^i,c)]x n [KAici^i+o] 



Ae[L-^A'] 
A(fYpUYK 



AeYp 



where the sum is over pairs of disjoint subsets Yp, Yk of [L^^A'] such that at least one of them is nonempty. 
We now assume that we are given collections of numbers SPk.A' for < A: < 4 and A' G L. We will write 
(5&A' = A' We therefore have 



<\^lCo{'t>) '^t[V]{(j)) = exp 



A'eL I 

A'cAt_i / 



A'GL 



Define 



and 



5VA,{(jy) = Y^Pk,A' 



■Co 



k=0 



SO that 

One can check that 



k=l 

Vi,{(b) = VA'{(b) - (5V^A'(0) + (56a' . 



A^cM) '^t\y\{(i)) = exp 



A'eL 

A'cAt-i / 

dMCo(</') n {e-''^'^^' X [e-^A'WA')+A';^,(0A')]} 



A'eL 

A'cAt_i 
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where 



We now do the A expansion which introduces a new complex parameter A. Define 

1 



and let 



^A(A,0i,C) = e-^'-(*^) 



)2 

ApA + ypi 



+ A-Vi,a(0i,C) 



so that 

^a(A,^i,C)U=i =^'a ■ 

We also define 

ifA(A, 01, = A2gA((/)i + e-^'^(^i) + A^ [Qa(<^i + C) (e^^^ - l) g-^^^^^) + i?A(0i + C) 

so that 

^a(A,0i,C)U=i=A"a(0i+C) 
We use the same expansion formula as before in order to define the A-dcformation 



^A'(A,<^)= / dMr(C) 



Yp,Yk 



n 



A6[L-iA'] 

A^ypuyjf 



X n [^a(A,0i,C)] X W [Aa(A,</)i,C)] 



This is a polynomial expression in A with no constant term. We can write it as 

^A'(A,0) = AA + BA2 + CA^+A'|f(A,0) 

where K^{\, 0) contains the terms of order 4 or more. 

We now assume that we are given collections of numbers (S/3fc.j,A' for < /c < 4, 1 < < 3 and A' e 
such that 

Define 

SfikA-W = A 5f5k,iA- + A'<5/3fc,2,A' + A^J/Jfc^g.A' • 
In particular this defines (5&a'(A) = (5/3o,A'(A)- We also let 

4 



<51^A'(A,0) -^(5/3fc,A'(A) 



fc=0 



Using the same formula as before for K'^, , we define the corresponding A-deformation: 



K'^,{X,^) =e-*''^'(^)-^(^^^^)^-iA' X {a:a'(A,, 



We again expand this in A up to order 3: 

K'^, (A, (f>) = A'A + B'A2 + C'A^ + 0{X^) . 
We now choose the order 1 counterterms Sfik.i.A' so that A' = 0. Namely, for any fc, < fc < 4, we let 



(5) 

where 



6 > 1 



kl b\ 



Pk+b 



f 



f 



k+b 



(i-iA')'>+i 



i=l 



We define the order 2 counterterms 5/3^,2, A' so that 

B' = e-^-'(^'Ok'(0) 



where 



Q'a'W = WU' ■■ 0A' -Co +WiA, : -.Co 

and Wq ^, are new coefficients. The later will turn out to be the output quantities defined previously. 

This hinges on imposing the choice: 



fli + 6,; < 4 
11 <! a, > , 6, > 1 



(ai (02 + 62)! 



a,,ajtM,ra ( 1 < m < min(6i, 62) J ' ~ 



4c(ai,a2|fc) X ^ Co(0)^^^^ x ti- 




62 —m 



(6) 



El 



+ 6 = 5 or 6 1 (fc + 6)! -• ■ ^ 



b>0 



k\ b\ 



Wk+b 



where 




d^-Ti d^X2 d^yi • • • d^yf,!-™ d^zi • • • d^z,,. 



bi— 771 b^ — m 

i=l 4=1 



Wi 



k+b 



(L-iA')''+i 



d^x d^yi . . . d^yb Wu+b{x) X n [r(x - Vi) f{y,)\ 



and where C(ai,a2|fc) are connection coefficients for Hermite polynomials. More precisely 



ai! 02! 



r( \h\^t} \ai - a2\< k < ai + a2 

0(,ai,a2|Kj - il<, ai+a2+A:e2Z f f ai+a2-fc ')t (' ai+fc-a^ ')! (- a2+fc-ai '|l 



These satisfy the property 



'l+°2-fc 



9a' :Co 



The order 3 countcrtcrms 5Pk,^.A' will be defined as (/3, /)-dependent linear functions of R. This is a bit 
lengthy so we need a few preparatory steps before we can give the explicit formulas for these counterterms. 
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First notice that the quantity C sphts as C = Cg + Ci where 



6 



Ai,A2,A3e[L-iA'] 
distinct 



Ai,A2e[L-iA'] 
distinct 



^ e-*--'(*) / dMC) ' PA, pI, 



Ai,A2G[-L"'A'] 
distinct 



E f^"*"''^^ / dMr(C) e/^-^A'K gA2(0i +0 



+ e-^^'^-^) / d/ir(C) e^^-iA' K q^^(0^ + ^) (g-PA^ _ i) 

Aie[L-iA'] 



E 

Aie[L-iA'; 



n 



Ae[L-iA'] 
A#Ai 



X / d/ir(C) e-I^L-iA'fC ^^^^^ 



and 



Aie[L-iA'] 



n 



Ae[L-iA' 
A#Ai 



X / dMr(C) e-^^-iA'/C i?A^(0i+C) 



Note that we will not need the detailed evaluation of Cg, but we simply need the remark that it is R- 
independent. 
Define 

4 



5^,,A'(<^) = ^5/3, 



fcj,A' : 9 -Co 



k=0 



for 1 < j < 3. Then the coefficient of K'^,{X, (/)) is given by C = Cq + C'^ where 



Q = e-^(^'r/).-iA' Co-e-^A'W) ( -5yi,A'W+'5^i.A'(0) (5V^2.A'(0) ) - e'^^'W q^,(0) ^/?o,i,A' 



and 



We now suppose that we are given collections of numbers Sf3k,3.A',Ai < fc < 4, A' G L and Ai e [L^^A'] 
such that 

Sl3k,3,A' = E ^Pk,3A'Ai ■ 
Aie[L-iA'] 

We then have 

/ \ 



ci= E 

Aie[L-iA'] 



n 



ag[l-^a'] 

^ A^^Ai 



X ^A',Ai(0) 



where 



Ja'.Ai(0) = e-^'-f'^f^^-'^' X / dMr(C) e^^-'^' i?Ai(0i + C) 



(7) 



Y^l^k.3A'Ar-4>' ■c„] xe-^^i(^i) 



\k=0 



The quantities (5/3fc.3,A'.Ai are uniquely determined by imposing the following normalization conditions on 
the derivatives up to order 4: 

for all A' G L, Ai e [i^^A'] and ly such that < < 4. 
Write Ja',Ai(0) = J+{4') ~ J -{4') where 

J+{(l)) = e-^^f'^f^^-'^' X j d/ir(C) e-Z'^.-iA'/C i?Ai(0i+C) 

and 

For any v, Q < v < we have 

J_(0) =w(<^) e''^'^) 

u{4>) = 7/40'' + lt3^^ + M2<^^ + + Uo 



Whereas 
with 
and 



with coefficients explicitly given by 

Us = 5(3s 

U2 = 5f}2 ~ QCSPi 

ui = (5/3i - 3C(5/33 

= ,5/3o - C5I32 + 3C2(5/34 

and 

W4 = -L"'*['^1^4 

«3 = -L-3['^l/33 

V2 = -L^^I-^l^a + 6CL-''['*l/34 

?;i = -L-I"^!/?! +3CL-3['^l/33 

Wo = CL-2['^l/32 - 3C2i-'^['^l/34 . 

Note that we used the abbreviated notation 5 (5k = '5/3a:^3.a'.Ai, = Pk.Ai and C = Co(0). Using Maple we 
found for the Taylor expansion of J_ {(j)) up to order 4: 

J_(0) = e"" X I Mo + (wo «1 + Ul) + ( Wl Dl + Uo U2 + - Uo ■i^i^ + "2 



f 2 1 3 

+ I Ui W2 + - Ml Wl + M2 + Mo t;3 + Uq Ml M2 + - Mq Ml + M3 

1 3 

+ I M4 + Ml M3 + Ml Ml M2 + - Ml Ml + Mo M4 + Mo Mi M3 

+ ^ "0 + ^ Mo M2 Mi^ + ^ "0 + "2 W2 + ^ M2 Mi^ + M3 Mi ) 0'' + 0{(jf') 
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Write tti, ~ e ^°J^\o). We therefore have to solve for uq, . . . , U4 in the triangular polynomial system 

ao =^ uq 
ai = ui + uo vi 
1 1 2 

- 02 = U2+U1 Vl + UQV2 + - Uq Vl 

1 1 2 1 3 

7 03 = U3 + U1V2 + -UiVi + U2 Vl +UQV3+ Uq V1V2 + - Uq Vl 

6 2 6 

1 1 3 

— 04 ~ U4 + Ul 1)3 + Ul Vl V2 + -UlVl + UQV4+ Uo Vl V3 

+ - Uo V2^ + - Uo W2 Vl' + ^ Wo Vl^ + U2 V2 + 2 Wl^ + "3 "1 . 

This is straightforward but leads to complicated intermediate formulas which we skip. We then replace 
the v's by their expressions in terms of the /3's. Finally we use the obtained formulas for the li's in order to 
get 

(5/34 ~ U4 

SPs = "3 

(5/32 = U2 + 6Cm4 

6 Pi = Ul + 3Cu3 

(5/3o = ito + Cu2 + 3C^U4 . 

The final result, obtained with the help of Maple, and using the notation dk ~ L~''^'^^(3k is: 

Sf34 = ^ai+ (^^di-^Cda^ a3+ (^^di^ -^Cdid3 + ^C^d3^ ~3Cd4 + ^d2] a2 
^C^ di d3^ - '^Cdi^ d3~QCdid4 -3Cd3d2 
-18 d3 rf4 + ^ di^ + did2-^C^ ^3^ + ^3^ ai 

d4-6Cd2d4-^C di^ d3 + '^C^ di^ ds^ '^^^'^^ "^3^ - 3 Cdi^ ^4 

+ ^C^ d3^d2 -3Cd3^ + \di^d2 + ISC^ di d3 d4 -iCdi d2 

-27 4' ^4 + 18 d4^ + d3di + ^di^ + l d2' + ^C^ d3A ao , 

Z4: Z O J 



(5/33 = la3+(^^di-^Cd3j a2+(^d2-6Cd4 + ^di^-3Cdid3 + ^C^d3''] ai 
^C^di d3^ - ^Cdi^d3~6Cdid4-3Cd3d2 
+18 d3d4 + ^ di^ + did2-^C^ d3' + d3^ ao , 
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1 / 3 1 27 \ 

-Ca4 + {-3C^d3 + Cdi) 03+ i-9C^did3 + 3Cd2 + -Cdi^ + - + —C^d3^-18C^d4j 02 



- (108 dsdi + C di^ - 36 di d^ - 18 da + 6 C di ^2 
-di + 3 C ds - 9 di^ da + 27 di dg^ - 27 C"^ dg^) ai 



y di^ dg^ - 27 C"' di dg^ - 36 da d4 + ^ di^ + da + J Cdi* - ISC^ di^ d4 + 27 dg^ da 

27 

-162 dg^ d4 + 108 di dg d4 + 3 Cdi^ da + 3 Cdi dg - y dg^ + 3 Cda^ - 3 di^ dg 
+ 108 di^ + dj.'^ - 18 di dg da ) ao , 



■Cag^ 

9 
2 



Cdi - -C^ d. 



3 02 



3Cda + ^Cdi^ 



27 



dg2 - 18 d4 + 1 - 9 di d. 



3 ai 



C^di^d3 + d,-'^C^ dg3 



54 dg d4 + 3Cdi da 



-18 di d4 - 9C2 dg da + -Cdi^ 



f C-^didg^ 



ao 



— C 04 



Ic^ds + ^C^di I ag 



^ di^ + y dg' + ^ C2 da + i C - ^ di dg - 9 d4^ aa 

y C"' di dg' - 9 dg da + 54 dg d4 + C di - 18 di d4 + i C" di^ 

q 27 \ 

+3 C' di da - - di' d3 " y dgM ai 



C' di' da - 9 di dg da - - di^ dg 



y di' dg' - y C'' di dg^ - 18 da d4 



81 27 

-— dg* + Cda - 9 di' d4 + — C"' dg' da - 81 dg' d4 + 1 + 54C"'di dg d4 
8 2 

-^C3dg' + 54C4d4'-3C'd4 + icdi' + ^C'da'') ao ■ 



2 J 4 



■C^ di 



Also recall that 



(8) 



exp 



xL- 



-CL-'[^l/3a + 3C'L-4[*]/?4 - r/)^-i, 
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n<{k-i) + 2 



Note that we get formulas of the form 

4 

dl3k = Mk,^ ai 

1=0 

where the matrix elements Mk.i are given by finite sums of the form 

(9) Mfe,. = ^ # A, . . . 

with j > 0, n > 0, and 1 < /m < 4 for every m, 1 < m < n. Here the symbol # stands for some purely 
numerical constants. Furthermore, the terms which appear satisfy the homogeneity constraint 

(10) ?i H + ln-2j = k-i . 

We also have a limitation on the range of allowed n's: 

4-fc 
2 

This completes the definition of the (5/3fe,3,A',Ai and therefore of the order 3 counterterms 

Aie[L-iA'] 

We also have a complete definition of 
We now define 

with the previous choices for the (^/3fc,3,A',Ai • This makes C^^'^'^ a (/?, /)-dependent linear operator on the 
space where R lives. 

Now the new couplings /3'^ ^, as well as the quantities Sb^' are fully defined. We just need the new R. It 
is given by 

R'^,^ct^^\R)+U,A'iy) 
where the formula for remainder term is 



'70 

where 70 is any positively oriented contour around A = 0, and 701 is any positively oriented contour which 
encloses both A = and A = 1. In [T3] the three terms for the remainder are respectively denoted by i?main, 
i?3, and i?4. It is important to note that in the first term we set i? = 0, which means that all S(3k,3,A' 
set equal to zero. Also note that L^^'^\R) corresponds to the i?iinear notation in [14]. 
To finish setting up the notation we write for 1 < k < A 

whereas 

In this way the RG evolution for the couplings is 

P'kA' = kA' - Sl3k,l,A' - 6pk.2,A' +^k.A'iV) 

for 1 < fc < 4. Likewise the collected terms which contribute to the progressive calculation of Zr.s{f,j) are 

6bA'[V] = Sl3o,iA' + 6Po,2A' + ^oA'iV) ■ 
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5. Preliminary estimates 

5.1. Properties of covariances. In this section we collect some of the properties satisfied by the covariances 
and needed in the sequel. RecaU that L = where I is an integer I > 0. 

Lemma 2. The covariance T can be expressed pointwise as follows. 

(1) U\x\ < 1 then 

1-p-^ 

(2) If \x\ = with l<i<l, then 

1 — p 

(3) If\x\ > L then T{x) = 0. 
Proof: Recall that 

l-i 

V{x) = (tj^.{p>x) -p-Hj^.{p^+^x)) . 

3=0 

By Abel summation, or discrete integration by parts, this can be rewritten as 
(11) r(x) = ]lz3(x) -p-3-2('-i)M]1^3(p'a;) +|]p-2^-[*l(l -p-3+2['^])]1^3(p^x) . 

Now we also have 

tziip^x) = mp^x\ < 1} = ]1{|.t| <i^} = J2 h\x\ -p'} . 

We insert the last expression into the sum in (jlip and get after commuting the sums over i and j that 



T{x) = l^.ix)^p-'-'^'-'^mrs{p'x)+Y,UM\x\^f} 

where 



Now note that if i > Z then Ui = 0. Also, if i < then 



p-2[0] _p-2i[. 

^2 - 



1 _ p-214,] 

Finally, if 1 < i < / - 1 then 



p-2j[0] _ p-2l[, 

Ui — 



1 -p-2[0] 

As a result we have 

1 - p-3+2[' 



-2[0]max(i,l) _^-2i[0] 



i<i-l 



from which the result follows by specialization to the different cases mentioned. □ 
As a result of the previous lemma we have a precise control over the sign of the function F. 

Lemma 3. 

(1) If\x\ < then r{x) > 0. 

(2) If \x\ then T{x) < 0. 

(3) If \x\ > p' then r{x) = 0. 
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Proof: Recall that e G (0, 1] and therefore [(f)] = € [I'D- ^^^'^ have I > 1 and of course the prhne 
number p is at least 2. From Lemma[2]l), we then readily get that r(.T) > if |a;| < 1. The case \x\ > has 
already been considered. For |a;| = the formula in Lemma [2] 2) reduces to r{x) ~ — j)-3+2[0]p-2i[0] ^ 
Finally when |a;| — p^,2<i<l — 1 then the formula in Lemma [2] 2) shows that r(a;) decreases with i in 
that range. We only need look at the case i — I ~ 1 where one has 



-3 _ „-3+2[< 



l-p ^-p 



Simply using p~^ < i and 3 - 2[0] > |, which implies p-3+2[0] ^ 2"!, we get 1 - p ^ - p 3+2[0] > q ^nd 
thus r(a;) > 0. □ 

Corollary 1. The fluctuation covariance satisfies the bound 

||r|U.<i=L3-2[,]^ 

Proof: Indeed, by F = Co — Ci and the definitions of the Cr covariances in J|3]we have that d^x F(x) = 

F(0) = 0. In other words the positive part exactly cancels the negative part which is easy to compute since 
it only involves a;'s with |a;| =p'. Therefore 



|F|Ui - -2 / d'xTix) t{\x\=p'} 

JO? 



= 2(l-p-3)p-3+2ML3-2[0] ^ 

We use 1 — p~^ < 1 and again p~3+2[<#'] < 2~^ to conclude. □ 
As for the unit cut-off covariance Co, the following easy property will useful in the sequel. 

Lemma 4. When e G (0, 1], we have 1 < Co(0) < 2. 

Proof: Recall that 

1 -p ^ 

Only using p > 1 and the given range for e we get 

P'i<p\'^><P <-. 

Hence 

^^^_Zl<Cn{'d)<^^—^ = l+p-"^<2. 

1 - P 1 -p"2 

□ 

We will also need some information on the and norms of F which arc provided by the following 
two easy lemmas. 

Lemma 5. We have the simple estimate 

l|r|U~ <2 . 

Proof: If \x\ < 1, it follows from Lemmas [2] and H that < T{x) < 2. If |a;| > L, then F(a;) = 0. If |a;| = L, 
then 

\T{X)\ ^ |_p-(3-2[0])^-2[0]| < ^ 

Finally if \x\ = p' with 1 < i < ^ — 1, then by Lemma [3] 

|r(x)| = Fix) = _p-3+2[0ip-2i[0] + l^p:!^^p-n4>] _ p-2m) 

1 — p 

1 ^-3+2[0] 1 „-3+2[0] 1 „-3 

This shows |F(a:;)| < 2 in all cases. □ 
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Lemma 6. We have 



|r(x)|2 (fx 



1 



when e — > 0, with I defined by L ^ and the limit taken with L fixed. 
Proof: By the Plancherel formula over the p-adics 



/ 



But 



and therefore 



r(fc) = Co(fc)-Ci(fc) = 



|r(fc)|2 d^k . 

i 

1{L-^ < \k\ < 1} 



\T{x)\^ d^x 



]l{L-i < |fc| < 1} 

|fc|6-4[0] 



d'^k 



E 

l-l 

E 



(i-p-3)p-V''"'''^" 



The rcsuh follows since 3 — 4[0] = e and of course the e limit is trivial. 
5.2. Gaussian integration bound. 

Lemma 7. Let A' be a block in L. Let the real parameter a satisfy < a < ^i^t^"^!'^]) . // / is 
real-valued function on L~^A' which is constant on unit cubes and such that 
for any finite set X C [L^-'^A'] we have the bound 



□ 



< iL-^(3-2M), then 



Proof: 

First note that one can view the integral we would like to bound, /, as an expectation with respect to the 
centered Gaussian vector (CA)Ae[L-iA'] in with covariance E(CaiCa2) — rAi,A2 = r(a;i — X2) where xi 
is any point in Ai and likewise for X2 in A2. Let wi, . . . , u^s be an orthonormal basis which diagonalizes F 
(seen as an L^ x L^ matrix). Let Ai, . . . , X^s be the corresponding eigenvalues and suppose we arranged the 
numbering so that Ai > A2 > • • ■ . Note that the matrix F is singular and therefore only positive semi-definite, 
because of the property that Jj^-i^, C = almost surely. We therefore introduce m = max{i|Ai > 0}. We 
now have that C has the same law as X]"=i ^i'^i where the a^'s are independent centered Gaussian random 
variables with variance A, . Thus 



1=1 

Since X C [L~^A'] 



dai . . . da,n exp 



2 — 1 



E 

A£[L-^A'] 
l<2<m 



E«'' 



AeX \i=l 



Ui,A 



AeA' \i=i / 



E«? 



^ E E 

A6[L-iA'] \i=l / 1=1 

because of the orthonormality of the u's. Therefore a sufficient condition for the convergence of the integral 
is that 2aXi < 1 for all i, 1 < z < m. Granting this condition for now, we define fi = X^AefL-iA'] /a^i.a 
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and use the standard 'completing the square' trick by writing 

i—l 



2 ^ Ai ' ' 2 

i—l i—l i—l 



and changing variables to — A^/^. Hence 



/ = ]T(27rAj;) 2 X / doi . . . dam exp 
Note that 



Ui.A 



i=l i=l Ai,A2e[i-iA'] 

= X! /Ai/AaTAi^Aa 

Ai,A2e[L-iA'] 

= (/,r/)L-iA' 

by construction of the u's. We also have 

m r/i 

^(a, + Ai/i)ui_A = Ca + ^ ^ Ai/AiWi,AiWi,A 
1=1 i=l Aie[L-iA'] 

= Ca + ^ Ta.Ai/Ai 

Aie[L-iA'] 

= CA + (r/)A 

where we reverted to the use of the (a variables of integration which have the same law as the quantities 
^™ GiUiA, and where (rf){x) denotes d^y r{x — y)f{y). By the finite range property of F we have, 

for X e A e [i^^A'], (r/)(x) = (r/)A = EaigIl-ia'] Ta.Ai/ai- As a result of the previous calculations 



j = gi(/,r/),_i^, X J d/ir(C) e"^Aex((r/)A+CA) 



We now expand the square in the last exponential and we also introduce the covariance matrix Fx for the 
marginal random vector C\x = (Ca)a6X in order to write 



where the inner products are the ones of l'^{X), namely {w,w') = J^Aex waw'a for vectors in l'^{X) which 
are indexed by boxes in the finite set X. 

Let (wi)i<i<|x| be an orthonormal basis diagonalizing the symmetric positive semi-definite matrix r|x, 
with eigenvalues arranged so that /xi > > ■ ■ • and let n = max{i|/ii > 0}. As before, we have that the 
random vector C^\x has the same law as X^iLi ^i^i where the hi are independent centered Gaussian random 
variables with variance /i^. Following this change of variables of integration (C|x,CI-f) becomes Yl^^i^l 
whereas (F/|x,C|x) becomes J2t=i9ibt with = I]Aex(r/)AUi,A- Hence 



/ 



d/^rx(Ck) e' 



«(C|x,C|x)+2a(r/U,C|x) _ 



n 

n 

n 

n 

n 



1 



1 

V27r/i7 
1 



db, e * ^ 



X \ 271 



2a' 



2a 



X 



-2a (2agif 



provided 2a^i < 1 for all i, 1 < i < n. 



y/1 - 2afii 
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Now < I \Tx 1 1 where the latter quantity is the operator norm of Tx induced by the norm on P (X) coming 
from the inner product (•, •). For v a real vector in 1^{X), we have HFx^'lP = J2a<£x(^x''-')'a = J2Aex(^'^)A 
where w S P{[L~^A']) is the extension of v by zero outside X. Thus ||rxw|P < J2Ae[L~'^A'](^xw)\ = 
llFuilP < ||F|p||w|p = l|r|p||w|p. As a result ||Fx|| < ||F|| where the latter is the operator norm of the 
matrix F coming from the inner product norm of /^([i~^A']). However we have the bound ||F|| < ||F||^i = 
\T{x)\d^x. Indeed, given w G P{[L-^A']) which we can identify with a function w{x) on with support 

in L~^A' and which is constant on unit blocks, we have 



\Tw\\' = / [irw)ix)] 

T{x — 2/)F(x — z)w{y)w{z) d?x d^y z 



< / |F(x - y)| \T{x - z)\ \wiy)\ \w{z)\ d^x d^y dh 



3x3 



< / , |F(x - y)\ \rix - z)\ [ l-\wiy)\' + l-\w{z)\' ] d'x d'y d'z 



= 2x - X ||F||i,||«;||i. 



Therefore from Corollary [T] we get ||F|| < ||F||2,i < -^L^ ^^"^'^ Since the Xi are bounded by ||F|| (the case 

where X = [L^^A']), the hypothesis a < implies that the previous convergence requirement 

2aXi < 1 is satisfied and also that not only 2a fii < 1 holds but so docs the stronger inequality 2a fii < i. 
From the latter we have -r-^ — < 2/i, and thus 



/ 



d^lr AC\x) e°<«l-'';i-)+2«<r/|x,Clx> < 




< 2^cxpp^i-(3-2[0])^^ 



2 

y 



where we used n < \X\, a < ^L-t^-^I"^]) and fi^ < ^L^'^^^l Besides, <?, = EagxC^ f)AV^,A = {v^, {T f)\x) 
and therefore 

Y^g^ < Y.{v.,irf)\xr = ((F/)U,(F/)U> = {T.f,Tf)x . 

i=l i=l 

But (F/,F/)x = EA^xi^f)! and clearly |(F/)a| < ||r|Ui||/|U^ so (F/,F/h < 1^1 l|r||i, ||/||ioo. 
Putting all the previous bounds together we see that the desired inequality holds provided 



exp 



4" 



< V2 



which is true since, by hypothesis, ||/||l- < iL-5(3-2[0]) and ^ x i log 2 ~ 0.980 . . . > j. □ 

5.3. Two easy lemmas. The following are simple bounds which will however be used many times in order 
to bound individual field factors using the exponential of a quartic or a quadratic expression. The quartic 
case will typically apply to background fields 4> whereas quadratic bounds will typically apply to fluctuation 
fields C. 

Note that the possibly complex (j)"^ couplings (34 will sit in an open ball of the form |/34 — < with 
g > 0. By elementary trigonometry it easily follows that > We of course also have ^ < < |. 

Lemma 8. Vj £ N, V.g > 0, V7 > 0, V/34 G C such that |^4 - g\ < \g, V0 G M we have 
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with the convention = 1 if j ~ 0. 



Proof: The function u^e " for li > is maximized when w — i. Simply apply this to u = 7(5i/34)0^ and 
use i < for the second inequality. 

Lemma 9. Vj G N, Vk > 0, \/( eR we have 



use i < for the second inequality. □ 



again with the convention = I if j = . 
The proof is similar. 

5.4. The key stability bound. The following lemma is essential to our estimates since it provides bounds 
on the seminorms introduced in ij4.1l for functions given by the exponential of a degree four polynomial in 
the real-valued field, with complex coefficients. 

Lemma 10. Let U{(f>) = a^cf)'^ + a^^)^ + a20^ + ai0 + ao where the possibly complex coefficients ao, . . . , 04 
satisfy \ai\ > 0, 5Ra4 > ^\a4\, \ak\ < ^logf^^^) |afe|* for k ^ 1,2,3, and \ao\ < log2. Then 



(1) the condition 



implies 

for all (f) e M,- 
(2) the condition 



implies 



0<e< X |a4| 



0<^< ^^2-^^ . 



Proof: It follows from the definition of our seminorms that 



^ 61" 

n=l 



where D denotes the differentiation operator An easy induction provides the following explicit formula 
of Faa di Bruno type for the derivatives of functions of the form e^^'^'': 

k 



f{<t>) 



k\ ^-^ ?7ii! • • • mfc! . 

fc>0 mi,...,mfc>l \^— 1 

Em.j — n 



This will be used in order to bound the quantities |D"e '-^('^)|. First, let us introduce the notation a = ^ 

4 



and r = i log • We have 



fc=0 



< -i(5ia4)0' - + I > : Iflfcl 10^- 1 + |ao| 



from the hypothesis 3fio4 > a|a4|. Using the assumption \ak\ < 7'|a4| ■* we then obtain 
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where ili{x) = ^§2;^ + r{x^ + x'^ + x). We first write a convenient upper bound on sup^>Q r2i(x). For 



< X < 1, we simply use r2i(x) < r{x + x + x) < 3r. For x > I, we write ni{x) < 



a ^4 



3rx and 



maximize the right-hand side over [0, 00). The maximum occurs at a; = |^ and is equal to ^ (|^) < 3r. The 
last inequality used the fact 9r < 2a which can be checked from the chosen numerical values of r ~ 0.0627 . . . 
and a ~ 0.866 ... As a result 

g-5RC/(0) < g-i(5Ra4)0*+3r+|ao| _ 

We now use the formula and write, for 1 < 71 < 9, 



/c! ^ ^ — ' mi 

k—l l<mi , . . .,mfc <4 
Smv— n 



I . . . 



mfe! 



i=i 



Using the condition Em^ ~ n for handling the 9 exponents we get the bound 

k r, 



(13) 



k—l l<mi mfc<4 'i— 1 

Tirrii—n 



D"''U{(t))\ 



We now assume 6* < 7i|a4| -i for sonic suitable 71 > to be specified later. We insert this inequality in p3 
and pull out 7]^^™' 7]^" before throwing away the constraint Em^ = n which results in 



< 6-^^(^)71" X 



E E 



04 



fe=i 



< 71" exp 



Vm— 1 

4 



The individual quantities in the last exponential are bounded in terms of x = |a4h |</'| as follows: 

1041-3 \DU{(I))\ = \a4\~i X |4a40^ + 3a3(f>^ + 2a20 + ai| 
< 4a;^ + 3r.T^ + 2rx + r , 



041 



|a4r^ X |6a4(/i^ + 3a30 + a2| 
< 6x^ + 3ra; + r , 



whereas 



Therefore 



and 



where 



a4| 



3! 



04 



4! 



< Ax + r 



\D'U{c^)\=l 



E 

m— 1 



104 1 



|D'"C/(0)| < Ax^ + (3r + 6)x2 + (5r + 4)a; + (3r + 1) 



-3?;7(</)) + J2 



|a4| 



< -x(3?a4)0^ + f^2(|a4|3|</'|) + |ao| 



m— 1 



rj2(x) = --a;^ + (r + 'i)x^ + (4r + 6)^2 + (6r + 4)a; + (3r + 1) . 

We again find a convenient bound on sup^>Q i72(-'j;). Simply using r < 1 and dropping the x'^ term we 
have, for < X < 1, the bound ft2{x) < 5 + 10 + 10 + 4 = 29. For a; > 1, we have the crude bound 
^2(2;) < —^x^ + 29x^ and we proceed with maximizing the right-hand side over x G [0,cxj). When a = 
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the maximum occm-s at a; = and is equal to 29''x3%/3 ^ 918784.97. . . < 918785. We denote the latter 
numerical constant by M . The previous considerations now give 



< 



■i(5Ra4)0'*+3r+|ao| 



9 

-^7i" exp 

n=l 



'-mai)(t)^ + M + \ao\ 



1 ~ 71 



provided 71 < 1. If one requires the stronger condition 71 < then e'^'' + e^^ x < e'^'' + 2e*''^7i. 

From our choice for r wc have e^'' ~ ■ If we now set 71 — e"^^ which clearly is less than \ then 
e'^'' + 2e^''^7i = \/2. On the other hand, by assumption on ao we have e'""' < a/2- The statement in 1) is 
therefore proved. 

For the statement in 2) concerning the bound on \e~^'^'^^ 
zero, we follow the same steps. However, the situation simplifies considerably. Indeed, 

9 



e ^^'^■'||a0,o,e, with derivatives taken at 



-(7(0)1 



T- 

n— 1 









0=0 



can be bounded as we did before, under the new hypothesis Q < 72|a4| ^ for suitable 72 G [0, 1), by the 
estimate 

|a4| 

m— 1 



-£/(0)| 



< e 



-SRao 



72 



1 



72 



X exp 



-m{0) 



m 



\D"'U{0)\ 



Now 



1041 



I (0)1 



4 

E 

m—l 



ail * |a,„| < 3r + 1 



If one imposes the condition 72 < 5, then 



-C/(0)| 



< el"°l X [1 + 272e3''+i] 



Because of the chosen value of r, one will have 1 + 2726'^''+^ = \/2 if one now sets 72 
which is less than i. The statement in 2) then follows easily. 



(a/2-1)^ 



0.0631.. 



□ 



Z > 1 is an integer. The symbol [</>] denotes the quantity We now introduce the numerical constants 



6. The main estimates on a single extended RG step 

6.1. Statement of the theorem. Recall that e e (0, 1], L = with p > 2 a prime number and where 

— f 
4 

ci==2-5(V2-l)e-9i8^85 

which are used to calibrate the parameters 

h = ci^"-! and 
for the seminorms we use. With these choices the norm 



and 



C2 = 2i 



h^, — C2L' 



\\\R\\\g = max < \Ri4>)\d4>.h,,g sup ||i?(0)||a0,0,/i > 
[ 4>m J 

is now unambiguously defined in terms of the calibrator g. In the present article we will need to take g 
of order e, however the next theorem will be stated in greater generality as far as allowed values for this 
calibrator. Indeed, we intend to reuse the rather expensive theorem that follows for the construction of 
another quantum field theory on which corresponds to an RG trajectory joining the Gaussian and the 
infrared fixed points as in [5]. 

33 



Theorem 4. 3Bbc > 0, V/ > 1, 3Bo, . . . , B4, B^^ > 0, 

Vr^e [0,i), Vr^e [3ry,^ + |^]^ 

VAg > 0, 3eo > 0, Ve € (0, eo], V5 G (0, Age] and A' G L, t/ien on the domain 

|/34,A-g| < y 



VA e [i^^A'], < 



Wk.Al < 5^-" for fc=l,2,3 

\WkA\ < 5^"^'' for fc = 5,6 

I/a I < 

I ll|i?A|||, < 



i/ie maps ^o.A', ■ • ■ ,^4, A', Ca' and S,r.A' are well-defined, analytic, send real data to real data and satisfy the 
bounds 

\ik,A'(.y)\<Bk max |||i?A|lb forfc = 0,...,4, 

Ae[L-iA'] 

|||>cj/(i?)|||g <Sij£i3-5['>l max |||i?A|||s , 

^ A6[L-iA'l 



and 



Remark 1. In fact, except for the map S,r^a': the conclusions of the theorem are valid without restriction 
on the size of R. This is because ^o.A'j ■ • ■ 1^4, A'' '^A' o,re linear in R. 

6.2. The standard hypotheses. In this section we collect a set of conditions which we call the standard 
hypotheses and which will be assumed throughout H6.3I and therefore will not be repeated in the local 
statements of the lemmas in that section. Finally in we will show that it is possible to satisfy all these 
conditions and thus wrap up the proof of Theorem |4l The list of conditions repeats some statements made 
before and it is also redundant. We meant this list to collect in one place the various requirements for the 
validity of the lemmas in §6.31 We assume: 

h = cig--^ with ci = 2-3 ( V2 - l)e-9i8785 ^ 

(14) = C2L^ with C2 23 , 

(15) 0<5<l,?7>0,?7ij>0,?7<i, 

(16) |/34,A - ffl < ^ff , |/3fc,A|<3'-"forfc-l,2,3, 

(17) I/a I < L-(3-M) , \Wk,A\ < f-'" for fc = 5,6 , 

(18) III^Alllg < 5^"'"' where |||i?A|||g = max < |i?A((^)|a0,/i. , sup ||i?A(0)| |90.</,.h > , 

(i>eR I 



24 X L-i X 5-1 ^ 




(19) 



(20) L'<^,20xL'x < log2 , gi < I^^Lil! x L'^ 

3 ze 

(21) -g<ctc^^L-\ -g<cl%^'L-'\ 

(22) m>^V , f/i? < 1 + 3?7 , 

(23) exp (2gi + 18.g) < 2 , SL'^g^-'' < 1 , 
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3 9 3 

(24) VR<Y^ + -^V and VR < ^ 
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We also assume the additional conditions 

2O32 xL^^xg 
r9,^ 2O35 X Lis X 

^^^^ 3O27 X X -g\-^ ^ - ^ 

C28 X X gi2 3 

which involve purely numerical constants O to be specified in 

6.3. A long series of lemmas. Assuming the conditions stated in ij6.2l we now embark on the following 
series of lemmas which will lead to the proof of Theorem The estimates will involve a collection of 
numerical constants which are given explicitly and are numbered as Oi, O2, etc. Since we are not aiming for 
optimal estimates, our motivation for keeping such constants explicit is to serve as an Ariadne thread for the 
reader in her/his journey through the following estimates which involve many interdependent parameters. 
The notations will continue those of ^4.21 

Lemma 11. For all t e (0, 1] and all unit cube A we have 
as well as 

Proof: From the definition and by undoing the Wick ordering, we have 

4 

k=l 

- /?4,a(0'-6Co(O)02+3Co(O)2) 
+/33,a('/''-3Co(O)0) 
+/32,A Co (0)) 



and therefore tVA(<^) = X]t=o '^^'^'^ with 

04 = t/34,A , 

03 = i^3,A , 

a2 = t(/32,A-6Co(0)/34,A) , 

fli = i(/3i,A-3Co(0)/33,A) , 

ao = i(-Co(0)/32,A + 3Co(0)2/34_A) . 

We now simply check that the requirements in Lemma [TU] are satisfied. From the standard hypothesis 
din]) we have |a4| = i|/34,A| > as well as (3?a4) x la^]^^ = (3?^4,a) x |/34,a| > We have, since t € (0, 1], 

lasl X = 




by p^ . Likewise, using Lemma HI we have 

lasix 1041-3 < [|/32,aI + 12|/34,a|] X l/34,Ar^ 



< 



gi-" + 12 X -g ) X 



< I9V2 



X 



since 77 > and 5 < 1. The standard hypothesis ()19p then gives us the desired i log (^-^-^) upper bound 



In the same way, we have 



\ai\x\ai\-^ < <3 [I/3i.aI +6|/33,a|] X l/34,Ar3 

'1 



< 79 



1-7J 



< 



1 



■log 



75 



'1 + V2'' 



by HSj). Now 

|ao| < 2|/32,a| + 12|/34,a| < 25!-" + I85 < log2 
by (|23p . If one takes in Lemma [TU] to be h, then the needed condition from part 1) of that lemma is 
equivalent to |a4| < 2g which holds since |a4| = <|/34,a| < fff- Likewise if one takes 9 = h^, and wants to use 

part 2) of the lemma then the required condition is 23L(— < |q4|~^. Since L > 2 and e e (0, 1], 

it is enough to have 

M^<L-2-fx 1^2-1)^. 

e 

Using 1 04 1 < 2g, we see that the requirement follows from the standard hypothesis I^U^. The desired 
inequalities now follow from Lemma 1101 □ 



Lemma 12. For all t G (0, 1] and all unit cube A we have 

V-0 e M , lie I |av,-0,/i 



well 



\e-'''^^^^3i,,h,<2 



Proof: Recall that Va is defined in the same way as Va except that the Wick ordering is with respect to Ci 
instead of Cq. We again use Lemma [TOl in order to prove the wanted result. The formulas for the Ofe's are 
exactly the same as in the previous lemma apart for changing Co(0) to Ci(0) = L-^['^lCo(0) which is also 
bounded by 2. Since the latter property is the only thing we used about Co, the present lemma then follows 
in the same manner as the previous one. □ 

Lemma 13. For all unit cube A' and for all subset Yq C [i-'^A'] we have 



AGYo 



< 2 



as well as 



A6Y0 



d(f),4',h 



< 2 



dc/i.h. 



If\yo\>^ (which holds if \Yq\ 



or — 1 because L > 2) then we have the improved bound 



A6F0 



-Va( 



9 J 4 

< 2e-T6</' 



Here (pi denotes the rescaled field L 
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Proof: The argument is similar to the previous lemmas provided one keeps in mind that (pi = L"'*''^ but 
derivatives are with respect to (j). In the degenerate case where Yq is empty there is nothing to prove so we 
will assume that |Fo| > 0. By definition 



where U{(j)) = J2t=o ^kfj)^ with 



03 



AeVo 



°2 = E (i""*'/52.A-6L-4[*lCo(0)/34,A 



AeYo 



ai 



ao 



E (i"'^'/3i.A - 3L-3[*lCo(0)/33.A^ 
^ (-L-2[*lCo(0)/32,A + 3i-4[*lCo(0)2/34,A) • 



Aero 



From 
we get 

and therefore 



a4 = |lo|L-4[^l5+ E ^""*'(/54,A-5) 

AeYo 



Since 04 is \Yq\L ^["^l times a barycenter of elements in the convex set {/3 G C| |/3 — g| < \g}^ we easily see 



that 3?a4 > -^|a4| holds. Wc also have 



|a3l X 1041"^ < |>o|i-'"^'3 
< 23|yo|3g3-'' < 2TL3.g^-'' < ilog 



1 + V2 



by (|19p . Likewise 



\a2\ X |a4r^ < |yo| L-2Mgi-" + L-4[^l x 12 x x -|yo|5i 



-4[0] 



which is bounded using (|19p . Also, 



|ai| X |a4ri < iFol (i-I^lffl-" + GL-^I^lgl-") ^ Q|y^|^^^-4[0] 



by ([T9]). Finally, 



< 23 X 7 X |yo|^5^"'' < 23 X 7 X L^gi-"^ < ^ log [ ^-y^ 



|ao| < \Yo\ (^2L"2[^lgi-" + 12L-^1^1 x -g 

< 20L3-2['^lg^-'' < 20L^g^~'^ < log 2 
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by (Uni) and using < ■ 

In order to apply Lemma [TUl 1) it is enough to have |a4| < 2g. Since 

ah we need is L'^ < | which is a condition in (pOj) . As for the use of Lemma [TUl 2). a condition in (|20p . 
namely, 

^ - 2e 



implies 



|a4|3 < {2g)i < ^ '—L~^ x 2~3 < ^ ^1,-1— j x 2'^ 

e e 



which is the required relationship between [a^l and h^. 

As a result of the previous considerations and following the application of Lemma [10] we arrive at 



(26) 

since 3?a4 > ^|a4| > 0, as well as 



AeYo 



d(p,(p,h 



Va(0i 



< 2 



Now we impose the stronger hypothesis lYol 1^ Then 



AeYo 



because > 1. As a result, the crude bound by 2 in ([26)) can be amended to 

p-Va(0i) 



> 1 ^3-4^-^1- - 1 
- 4 



9>^9 



Re 

AeYo 



< 2e"T^^"^'' 



d(p,(p,h 



□ 

The special case Fo = [L^^^'] of the previous lemma, which is important for bounding expressions, 
will be stated as a separate lemma. It simply follows from the observation 



AeYo 



when Yo = [L-^A']. 

Lemma 14. For all unit boxes A', we have 



and 



Lemma 15. For all unit cube A, for all k, 7 G (0, 1] and for all (f),C. Cz we have 
where Oi = 54600. 
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Proof: Recall that 



(a + b)! 
a! 6! 



/3a+b,A : ■■c^ X : C*" ir 



where in fact : 0° means : ■0° -cj^^^j with (pi ~ L ["^l^. We use 

(27) |bA(01,C)l|9</.,</.,/i < \\PA{i},C,)\\di,.,<ki,h 

because by the chain rule each derivative with respect to (j) brings a factor < 1 times the corresponding 

derivative with respect to ■0- We therefore have 

{a + b)\ 



lbA(01,C)l|90,0,h <^]1 



a.b 



a + 5 < 4 
a > , 5 > 1 



i\ 6! 



\l3a+b.A\ X II : :ci ||av,0i,^ h C -r | ■ 



We undo the Wick ordering noting that 1 < b < A and < a < 3. From 







= - 




0^ 






Co(0) 




■c\ 


= 




0-° 


■Ci 


= 1 





and the bound Co(0) < 2 we get 



V'" -Ci \\d-<p,4>uh < 7 max \\ip'^\\di,,4,i,h 

0<k<a 



for < a < 3. Since, by LemmaH r(0) = Co(0)(l - L^2[0]) < (-^(g) < 2, the explicit formulas 



similarly imply 



r = c"^ - 6r(o)c^ + 3r(o)2 

r = C'-3r(o)c 

r = C'-r(o) 

r = C 



C" :r I <25 max ICP" 

0<j<o 



for 1 < 6 < 4. The |/3|'s are bounded by or Since 77 > and g < 1 we use the uniform bound by 

the worst case scenario Thus 

{a + by. 



bA('^l,C)ll9^,^,/^<7x25x^]lj 

a,b 



a + b<4 
a > , 6 > 1 



a! bl 



l/3a 



+f),A| 



3 

^ 0^^"" X max I IV'' 1 1 0^,01, /I X max . 

Z 0<k<a 0<j<o 

The binomial coefficients appearing in the sum add up to 26 and therefore using a maximum over a, b instead 
of a sum gives rise to the numerical coefficient 7 x 25 x | x 26 = 6825, namely, 



||PA(0i,C)lla0,0,/i < 6825g^ x max 

a.b 



max IIV- 119^,01,?, X max ICP 

0<k<a 0<j<b 



where the maximum is over pairs of integers which satisfy a > 0, 6 > 1 and a + 6 < 4. By Lemma [3] and for 
K E (0, 1] and 6 < 4 we have 



max ICP < K-^e'"^^ max ( — ] < n-^e""^^ 
o<j<b o<]<4 \2e ' 



For 0<fc<3<9we have 



I IV''' I lav,'/' 



/. = (/^ + lV'|)'- = E(n)("i^"'^'""l^l"- 



n=Q 
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We use Lemma [5] to write 

We drop the numerical factor since n < 3 < 2e and use 7 G (0, 1] to arrive at 



I dtp^'ifj 



n=0 



The last sum reduces to(l + ci)'^<2'^<8. Therefore 



max llV'lla^.^i.h < 87~'5"^e^^^^^'^^*^ 

0</c<3 

and the result follows. 

Lemma 16. For all n such that < k < 2~i L''^^~'^^'^^^ and for all ( gM. we have 

Ipa 01 00,/.. <02K-^f-''e'''^"^ 

where O2 ^ 6825. 

Proof: We proceed as in the previous lemma, thus arriving at the bound 



□ 



< 6825g^"'' X max 

a, 6 



max \ii*'\dih,h, X max |CP 



with the same conditions on a and b. However, now \ip'^\dip,h, = By again using Lemma[5]we get 



bA((Ai,Ola0,/i. < 6825g^ x max 

k,j>0 
fc+j<4 L 



□ 



- 1 

Wc drop the cumbersome factor (^) ^ ^ 1 and note that the hypothesis on k, ensures that h^^ < kT^ . This 
imphes 

h*K. 2 < K 2- < 

because of the condition fc + j < 4 and k < 1 which also follows from the hypothesis. 
Lemma 17. For all k G (0,3] we have 

I kl,A(</'l, 01100,0,/. < 03K-V«Agf-3'/ 

where 2t x 3^ x Of. 

Proof: By definition 



ri,A(0i,O=e-^-(*^) 



where pa is shorthand for pa(0i, C)- This is the third order Taylor remainder when expanding e ^'^('^i) '^P'^ 
at s = 1 about 0. We can also write 



But 



?'i,a(^i,0 = 

V'a(0i) +tpA 







Va{c^i) + 1 (Fa(0i + - Va(0i)) 

= tVA{(bi + + (l - t)VA{<l)l) . 
By the multiplicative property of the seminorms 



|,ty.(0.+C)xe(i-*)^-(^^)||a0,0,/. 



< ||e*^A(0i+C)| 



„,x||e(i-*)^-('^^)||a,,0,. 
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and thus 



Using the same inequality comparing derivatives with respect to versus ip = as in (j27p we obtain 

(28) < 2e-5W4,A)(0i+C)^ < 2 

thanks to Lemma [TT] Likewise 

by Lemma [T2l Although ||pA||a0,0,/i does not depend on t, we bound it in a i dependent way using Lemma 
[15] with 7 = and -I instead of k. Namely, we write 

\\pA\\d4>,4>.h < Oi X 9 X ^ (1 - X 63 X et^Ae^W4-A)0t x gi"" . 
Altogether this results in the bound 

1 

lki,A(</'i,C)l|a0,0,/.< 2(^?x9'x63k-V«^ x4x33-3r, ^ (1 - i)"^ dt 

which is the desired result. □ 
Lemma 18. For all k such that < k < 2^^ x 3 x L-(3-2[0]) ^^^f fgj. all ( gM. we have 

w/iere O4 = 2 x 3^ x Of. 

Proof: Proceeding as in the previous lemma we arrive at 
We use 

since /i* < h. Indeed this follows from C2i~^ < C2L < cig~i, i.e., from (|2ip We can then reuse the bound 
([28]) at = 0, namely, 

le'^-^^^+'^^U,.. <2. 

Now 

by Lemma 1121 Finally, we use Lemma [16] with ^ instead of k in order to get 

\PA\d<i,M, < 02 X 9 X K-2etCi5i-" . 

Altogether this results in 

|ri,A(</>i,C)la0,.. < i (^'dt ^^^) X 4 X ©3 X 3««-6e<iff3-3. 

which is the wanted bound. □ 
Lemma 19. For all k e (0, 1], and all X G C which satisfies \X\g^^^' < 1, we have V0, C G R 

I I/'a (A, 01,01100,0,/. < Os^^'e^A X \X\gi-^ 
where O5 = 2iOi + 2^02 + O3. 



Proof: By definition 
and thus from the properties of the seminorm we get 



X2 

ApA + -ttPa 



\\PA{X,4>i,C)\\d4>,4>,h < We-^'^'^^'^IU.^M X 



+ A-Vi,a(0i,C) 



|A|^ 



|A| |bA(</'l,C)l|a</.,</.,h + ^ \\PA{^lX)\\d<t>,<t>,h 



+|Ap ||ri,A(0i,C)lla0,0,/i ■ 

We bound ||pa(0i, C)l|a<?i,0,/i using LenimafTSlwith J = j and with ^ instead of k. We bound ||e~^'^('^i^ Ha^^^^/i 
using Lemma [TT] Finally, we bound \ \ri^A{4'iX)\\d<p,<p,h using Lemma [T71 Put together, this results in 

||PA(A,<^i,C)||a0,0,. < 2e-^W^^-)^^ x \\\\0^2'+i-gi-^^~'e^'^'-ei<•'^^^^-^'^'i 



-|A|20227^|-2'7^-4g<ig|(SR,34,A)*t 



Since 0<k<1,k ^is the worst power of that kind. Since also 5R/34,a > 0, the worst exponential factor 
left is e''^^. Hence 

||PA(A,0i,C)||a0,0,^<«-V';- X [2'i0,\X\r^-^ + 2'Ol\X\'gi-'^ + 03\X\'f--'''' . 
We then conclude using the hypothesis |A|g3^'' < 1. 

Lemma 20. For all k G (0, 2-5i-(3-2[0])]^ and all X e C which satisfies |A|g^"'' < 1, we have VC G 

\PA{X,cbuOWh. < Oe^^'e'^^^ X IMg'-"^ 



□ 



where Oe = 8O2 + WOj + ©4. 

Proof: Similarly to the proof of the previous lemma we have 



|PA(A,0i,C)|90,h. < le'^'^^'^'Mo^.h, X 



AP 



|A| \pAi(l}lX)\d4>.h-, +— IpA (01,0100,/!. 



|Ap \ri,A{<l>i,0\d4>,h, 



We bound \pA{4>iX)\d<p,h, by Lemma [TBI with ^ instead of k. We have 

thanks to Lemma [T^ We also use Lemma [TE\ to bound |ri,A(0i, C)|90,/i. ■ As a result we get 

|PA(A,0i,C)|a0,h. < 2 [IAIO2 X 4 X gi-V-^et'^A 



1 



+ |A|3C'45^"^"K"'^e'"^2 



The hypothesis on k implies that n < 1 and therefore the worst negative power which appears is k~^. We 
also use the hypothesis |A|g^^'' < 1 to bound the square and cube of that quantity as in the previous lemma 
and the result follows. □ 

Lemma 21. For all k E (0, 1], 7 € (0, l],and C G K we have 

IIQaI^i +C)l|a0,0J> < 075^"'''7"*e^<^''^'")*'^-'e«^' 

where 



©7 = 331^ X 96 X 2^ X max 



J 



/ n \ T 
X max - 



o<j<6\2ey o<)i<6 V2e 
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Proof: We proceed as in the proof of Lemma UM By definition and by the elementary properties of Wick 
monomials 

5 < a + 6 < 6 1 {a + by 



gA(0i +c) = E^| 



,b>0 



ilbl 



Therefore, again dominating derivatives by ip derivatives and using (|17p . we get 

5 < a + 5 < 6 1 (a + fo)!|| ,a . i, , .6 



a.b 



b>0 



llbl 



In addition to the Wick ordering formulas in the proof of Lemma [TS] we have 





= v^- 


6L-2[<^'lCo(o)V'2-F 


3L-4[*lCo(0)2 




= v^- 


10L-2["^lCo(0)V^ 


+ 15L-4['^lCo(0)V 




= - 


15L-2[*lCo(0)V'* 


+ 45L-4['^lCo(0)V' - 15L-^['^lCo(0)3 



as well as 

: :r = - ior(o)c^ + i5r(o)2c 

: :r = C*^ - i5r(o)c'' + A5r{ofc^ - 15r(0)3 . 

Therefore when bounding these expressions using r(0),Co(0) £ [0,2], the worst numerical factor coming 
from the sixth power case is 1 + 15 x 2 + 45 x 2-^ + 15 x 2^^ = 331. We therefore have 

||:'0":ci ^ 331 max 

0<k<a 



iC'irl < 331max|CP 

0<j<o 



This result in the rather coarse bound 
\\Qa{cI>i + 0\\a4>,<p,h < 331^"'" E ^ 



a, 6 

< 331^ X (2^ + 2^)5^-2', j^ax 

a.b 



5 < a + 6 < 6 \ {a + b)l 
a,b>0 



i\b\ 



max 

0<fc<a 



\dip,cf>i,h 



max ICP 



max ||V'''||ai/;,</.i./i max |CP 



0<j<fa 



^0<fc<a 

where the new numerical factor 2^ + 2^ = 96 comes from the sum of binomial coefficients and the maximum 
is over pairs of nonnegative integers a, b such that a + 6 = 5 or 6. By LemmalHl and given that k S (0, 1], we 
have 

max ICP < max |CP < K~^e'^'^^ x max | — 

0<j<b 0<j<6 0<j<6\2e 

For < fc < 6 < 9 wc still have 

k 



n=0 



n 



< 



max 

0<n<6 



,7(SR/34,a)V* 



again by Lemma HI We collect all these estimates and in the final result we bound (1 + ci)'^ by 2'^ < 2^ and 
the powers of g, 7 and k by their worst case values, i.e., respectively g^~^^\ 7"= and k~^. □ 

Lemma 22. For k e (0, 2-ii-(3-2[0])j^ and C e ^ we We 
where 

' j 



Os = 331^ X 96 X max , „ 
o<i<6 V 2e 
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Proof: As in the previous lemma we have 

a,b ^ ' ~ ^ 

We again have | : C'' :r | < 331maxo<j<fc |CP as well as \ : :ci \d-,p,h, < 331maxo<fc<a \ip''\ati,,h,, but now 
\'4'''\dif>.h, = h'l. As a result 

|Qa(</'i + OW.h, < 331^ X 96 X 5^-2^ max 



max /iv^ X max I CP 

0<A:<a / \0<]<b 



with the maximum again over of nonnegative integers a, b sueh that a + 6 = 5 or 6. Therefore 

\QA{<l)i+0\d4>,h, < 331^ X 96 X .g2-2'» max /i^|CP' 

j,k>0 
j+k<6 

< 331^ X 96 X X e'"'^' max /i''"^* ' ^ 



q ' X e ^ max ti^ k , 

].k>o \ 2e 

j+k<6 

after applying Lemma [9l From the hypothesis on k and (fT4|) we have that ft,* < k~5 and therefore the 
quantities h^K^i are bounded by k"^ and the result follows. □ 

Lemma 23. For all 0, C G M we /laue 

||gA(0i +C)e-^"^*^+'^^l|a0,0,h < OgF"'" 

Co = 331 X 2-^ X max ( —\ ^ . 

0<n<6 V2e/ 

Proof: By definition 

Qa(0i +C)e-^-(*^+«' = E ^^^A (: :co e-^^^^^^ 

and therefore 



fc=5,6 

< 2 X 331 X max \\^p^\\o4,,4>i+c.h \\e-^^^^^\\^i,,^^+c,h 

0<k<6 



by undoing the Wiek ordering as in the proof of Lemma 1211 By proeeeding as in the latter, but with the 
specific choice 7 = ^ in the step involving the application of Lemma |8l we get 

IIV.'lla„,,.<fm„©')x(f)-%J<«^..^.*'x2«, 



Hence, by Lemma [TT] with t = 1, we get 



< f max ( — I *)x(7 ix2'i" 
~ \o<n<e \2eJ J 



Taking the worst case /c = 6 gives the desired bound. □ 
Lemma 24. //O < k < 2-ii-(3-2[0]) ^j^^^ all CeR we have 

|Qa(0i +C)e-^"(*^+'^)|a0,h. < O^o^-'e-i"f-^^ 

where do = 2 x Og. 
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Proof: We have 

|Qa(0i + Oe-^^^^'+^^a^.h, < \QAih + OWh, X |e-^^Wi+?)|a^,^. 
by Lemma [22l The last factor is bounded in a coarse way using 

since h^, < h by ([2T|) . We finaUy use Lemma [TT] with t = 1 in order to write 

and the rcsuh foUows. □ 



Lemma 25. For all k G (0, 1] and all C G K we have 



Oil = 2^©! X Og + 2^0^ X O7 . 

Proof: Define 

for s e [0,1]. Thus 

Qa(0i + C) (e"^"^*^+^^ - e-^-(^^)) = Oa(<^i+C)(j(0)-j(1)) 

= -Oa(0i+C) / dsfis) 



A + B 



with 

Jo 

and 

1-1 

-(1-s)Va(0i+C)-sVa(0i) 



B = -Qa(0i+C) dspA(</>i,C)e" 



We bound these two pieces separately. Note that 

A = -Qa((/)i +C)e"^^^*'^'+'^^ ds pA(<?!>i,C)e"^5-^)V'A(0i+C)-^v-A(</.i) 

Jo 

which implies the estimate 

1 

1 1^1 < I IQa (01 + C)e-^^^(*i+';) I x / ' ds | bA(</'i , 0\W.^,h 



Repeating the proof of Lemma 1231 but this time taking 7 = 7 instead of i which results in an extra factor 



[^) = 22 , we obtain 



||QA(0i+C)e-^'''^^^^+'^^||a0,0j><O9x2i x,9^-2^ . 
For < s < i, we get from Lemma [TT] with t = ^ — s 
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The above steps result in the bound 

\\A\\94>,4>,h < 2^095^"'" X ds \\pi^{(j}iX)\\d4.,4>,h\\<^'^^^^'''\\04>,4>,h ■ 

Jo 

By Lemma \TI\ 

Now we use Lemma [15] with 7 = f and with the present k in order to derive 
This produces the bound 

1 

\\A\\a^,^,h < 2*09 X 2 X Oi X 23 X .p-^^ x n'^e^'^^ x ds s'i , 

Jo 

namely, 

\\A\\a<p,<p,h < 26 x Oi X Og X gi-^^ x K-^e^^" . 
We now take care of B. From the definition we readily obtain 

Since k £ (0, 1], we have ^ £ (0, 2] and therefore Lemma \n] with ^ instead of k and with 7 = | gives us the 
estimate 

\\QA{cbi+C)\\a<p,<p,h < Oj-g---^^ X 8iei(^^^>^)'^i x S^-^e*'^' . 
We also use Lemma [15] with ^ instead of k and with 7 = | and get 

I bA('/'i, 01190,0,/. < Oi X 4 X X 8^ X .gi-"et^' x e*^^''''.^)'^' . 
From Lemma [TT] with t = 1 — s we obtain 

Finally, the last ingredient is the use of Lemma [T^] with t = s which results in 

since s > ^. Altogether the previous bounds imply 

\\B\\a4,,4,,h < ^ ds O7 X 55-2'/ X si X 8 X 

xOi X 4 X X 83 X 53"'' X 2 X e'"'^' 
< 2*0^ X 07^-^93-3^6'='^' . 
Combining the bounds for A and B we obtain the desired estimate. □ 
Lemma 26. If 0< n < 2-ii-(3-2[0]) ^;jg„ j^r all C, (^R we have 

where O12 = 2^02 x Og. 

Proof: The proof is simpler than that of the previous lemma because we do not need to split the quantity 
at hand. We directly bound the latter, namely, 

Qa(0i +0 (e-^-(*^+« -e-^--^^^)) = -gA(0i +0 fds pa(0i, Oe'^^-^^^-^^^^^^-^^-^'*^) 

by 

a(0i + C) (e-^^(*i+«) - e-^^(*^)) < |Qa(0i + OW,h, x f ds \pA{<l>iX)W,h, 
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From Lemma [22] with ^ instead of k we have 



Likewise, from Lemma fT6l with ^ instead of n we get 



|pa(0i, C)la0,h. < 4 X OsA^-'etC'^i-" . 



We also have 



by Lemma [TT] Finally Lemma |12I provides the estimate 
Altogether the previous bounds imply 



Qa(0i+C) (e-^^(^i+^) - e-^^(*^) 
from which the result follows. 

Lemma 27. For all K G C^j(M, C) and for all a ^M. we have 



< 80sK-^e'"^'f-^'^ X 16 X Oa 



□ 



\\Km\9^,.,h, <Oi3e'^* " X 



|Ji^(i/')|90,h. +Kh ^sup||ir(V')||a^,^,h. 



where 



Oi3 = 1 + 511 X max 



o<j<9 V 2e 



J 



Proof: Recall that by definition 



h 



n=0 

The term with n = 9 is bounded by writing 

h9 / 9 

= hlh-^ X < hlh-^ X sup . 

For terms with < n < 8 we use a Taylor expansion around zero of order 8 — n so that the integral remainder 
involves (9 — 7T,)-th derivatives of K'-"'\ i.e., 9-th derivatives of the original function K. Indeed, one can write 

8-Tl 



and therefore 



K^^){a) = y --i^("+'")(0) + , / (1 - s)«-"(T9-"i^(9)(s^) ds 

ml ^ ' (8 - n) /n 

m=0 ^ ' 

< y ^(n + m)! Wla^,/.. 



+7r^l^l'"" ^ 9- '^"^ ( sup 1 / (1 - sf-" ds 

We use Lemma [9] with k — in order to bound powers of |(t| by 

which inserted in the previous inequality gives 



2e 



|A'(«)(a)|< 



7 

max I — 

o<j<9 V 2e 
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7—2 2 

X e''* 



8-n 



m=0 



n!(9-n)! * 



Putting together the bounds for the different values of n we obtain 

\\K{md,p,aM, < hlh-"" sup 



+e 



. max — 

\ o<j<9 \2e 



4\ 8 



E 

n=0 



E 



(n + m)\ 

7? 'm ' 



9! 



7i!(9-n!) * 



-^sup ||iir('0)||av,'/','i 



The resuh as weU as the given value of O13 then follow since 

9! 



8 8-ri / , X, 8 

X ^ X ^ {n + my. _ x - 

nlml ~^n!(9-7i!) 

n=am=0 n=0 ^ ' 



= 2 '' - 1 = 511. 



□ 



Lemma 28. For all K e C|^d(M, C), pi^C such that |/34 - g\ < ^g, 7 G (0, 1] and G M we /lawe 



li^Wla^,/. + sup Ili^Wlla^.^.iW/. 



with 



Oi4-i + ((i + cri)^-i) 



o<j<9 V2e, 

Proof: Wc proceed as in the proof of the previous lemma and write 



9! 



in order to handle the n — Q term in the sum defining For the other terms with Q < n < 

one has, as before, 



+ - 



1 



m=0 
|9-ri 



x9!(L[^l/i)-«sup||if(V^)||a^,^,i[,j;, 



(9-n)!'"' 

We this time use Lemma |S] in order to bound powers of \(p\ by 

Note that 7~t < 7"? since 0<7< 1,0<^<8 and < m < 9 — n. Besides — {c'^^hY'"- and therefore 



5ii^(")(0)i< Lax f^y 



n! 



8-n 

E 



um -m in 

^i-^(n + m)!/i-("+")|if(V')|a,^,;, + 



\ 0<j"<9 \ 2e 
9! 



X 7 i X e 



7(5R,94)r 



m! n! 



.m=0 

Altogether this gives the estimate 



n!(9 - n)! 



;^n^9-n^-(9-n)(^H^^-9 | (^) 1 



max , 

\ o<i<9 \2e 



X 7 4 X e 



7(^)0* 



^8-n 

E 

>^?n=0 



n + m 
m 



^-(9-n)^_9[^] sup||K(V)||aV,,^,LM/. 
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The result with the given value for ©14 follows from this last inequality since 

8 8-n 



EE 



n + m 
m 



.r'" = ci [(1 + c-,^f -!]<(! + c-,y - 1 - E 



9 \ -(9-n) 



□ 



Lemma 29. Let k e (0, 1]. 

(1) //|A|g3-3''« < 1 then\f<j),C& 



where ds = 2^07 + 011 + 1. 
(2) If R ~ and |A|g~^'' < 1 then we have the improvement ^cj), C € R, 

\\KA{X,^i,C)\\a4>,<p,h < Oi6K-V<' (|A|5^-")' 

where Oie = 2IO7 + O11. 
Proof: By definition 

Aa(A, (b,X) = A2Qa(0i + Oe-^-^"^^) + A3Qa(0i + C) (e-^-(*^+f) - e'^-^^^)) + A3i?A(0i + C) 

Thus 

||i^A(A,(/)i,C)||a0>,/. < |AniQA(0i + C)ll90A'»l|e-'^^^*^^l|a0,0,h 



d4>.4>.h 



|Ah|i?A(<^i + Olla0A/. . 



+ |A|3 gA(<^i + C) (e^^^('^i+^) - e-^'^^'^i) 
From Lemma fT2l we have 

We use Lemma [H] with 7=5 and get 

\\QA{<Pi+0\W^.h < 0,g---^'> X 2i X «'3e<'e^(^''^.-)^' 

As a result 

IAPIIQaI'/'i- 
From Lemma [25] we get 



A^||e-^-(*^)||a^,^,. < 2i07g^-^V-3e'=C^|Ap . 



<Oii53-3''k-V«'|A|3 



|A|^ I iQAlfZ-i + (e-^^('^i+«) - e-^'^^'^i 
Finally the last term is bounded using 

||-Ra(01 + 0\\d^,^,h < \\RA{'4')\\di,,4>i+C,h < sup \\RA{lp)\\di>,iP,h 

<ff-'|||i?A|||g<5-'x#-"«=55-''« 
from ([TS)) . Collecting the previous estimates we arrive at 

||/^a(A,01,C)||o0,0J. <A^-^e'^«' [2iO7|Ap.g5-2. + 0^^|A|35l"3r, + |^|3-|-,«- ^ 

By the standard hypothesis ([22]) . ry^ > Sry and since < 5 < 1 we have g^^^ < and therefore 



||i^A(A,0i,C)||a0A?><«:-V^' 



25O7 



(|A|F-^' 



from which part 1) follows. As for part 2), the R term being absent from the start, the bound on K reduces 
to 

||i^A(A, 01, C)lla0,0,^ < «~'e'^«' [2i07|A|2g^-2, ^ ^^^i^p-f-s, 

which immediately yealds the desired result. □ 
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Lemma 30. (1) // | A|5T5-3')« < 1 thenVC e R, 

where On = 20s + ©12 + 2013. 
(2) If R ~ and \X\g^~'^ < 1 then we have the improvement VC £ 

\KAix,cPiX)\d<f>,h. < Ois/iiV-'^' {IMa'-'f 

where Oig = 208 + 012- 
Proof: As before we start with 



d<t>,h. 



|Ani?A(0i + C)la0,/.. 



Then by Lemma with n ~ h^^ 

\Qa{cI>i+OWm. < Oshte'^-'^'f-^'^ . 

From Lemma [T^ we have 

By Lemma with k = /i^^ we have 



dtp,h. 



< ©12/1^ e"- g 



As a result of the estimates we have so far 

The last term will be estimated as follows. Note that 

\RAi(bi + C)\a4>,h, = \\Ra{<I)i + C)\\a4>,oM, < WRAi^b + C)\a4,,o,h, = ||i?A(V')l|a^,c,/». 



by Lemma [27l Hence 



Now 



l-RAWOIa^A,/!. + f^* sup ||i?A(?/')||9V,'/',ft 



|i?A(0i + C)U,h. < Oi3e''~'^'\\\RA\\\a {i+r^h:^h^) 



by the standard hypothesis ([2T|). Also using ([TSl) we now arrive at 

|i^A(A,<^i,C)|a0,^. < /iiV"^' X [208|A|V"2,,^Oi2|A|3,g3-3«' + 20i3|A|3g^-"-" . 

Since rju > 3ri we have .g^"** < ^Ts^i'w and part 1) follows. When the R term is absent, the previous 
estimate on K reduces to 

from which part 2) follows. □ 
Lemma 31. // |A|g7~^''« < 1 then for all unit cube A' and <f) G M. we have 



00 

||i^A'(A,0)||a,A^ < 2e^W^™/),_.,, ^ |^^^^^i5|^|-i-i, 



n=l 



w/iere dg 2" max(05, Cis)- 
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Proof: Recall that by definition 



Yp,Yk 



n 



-v^i4>i 



n [Pa(A,</>i,C)] X n [A A (A, 01,0] 



Ae[L-'A'] 
A^YpUYk 



AeYp 



AgYk 



where {Yp,Yk) ranges over pairs of disjoint subsets of [L ^A'] such that not both are empty. It is easy to 
see that one therefore has the following bound on K: 



\\KA'i\(t>)\\9^^^M < 



J2 I dMr(C) e-^^-^^' 



Yp,Yi 



n 



AG[i"^A'] 
A^YpUYk 



X Yl II^A(A,0i,C)||a0,0,?i X Y[ \\KA{XAi,0\\d,p,,p,h 

AeYp AgYk 



By Lemme tT^l we have 



n 



Ae[L-'A'] 
A^YpUYk 



< 2 



By Lemma [29] 1) with k = h^^ we have 



AeYK AeYk 

Since rjfi > Srj, it follows from the hypotheses that 

lAls^-" < IMg-'-i"" < 1 

and therefore Lemma [TOl with k = h~'^ implies 



n l|PA(A,0i,C)l|a0>,/.< n [c^s/ii^e^^'^'lAlff^-^ 



AeYp 



AeYp 



Thus 



\KA'iX,ma4>,4>,h<2 J2 n ['^5/ii'|A|5^-^'"^] X n 
Yp.y/fAeip agIk 



AeYpurK 

We now use Lemma [7] with a = /i;^^ = ^L^(3-2[0]) order to bound the last integral. Indeed, by the 
standard hypothesis pT)) 

\\m)\L-^A'\\L^ < II/Il-A'IU== < < iL^^(3-2M) 

3 1 

since L > 2 implies 2L~2 < 2~2 < l. Hence 

d/ir(C) e-''i--iA'(5i/)C Jl eK\^ < 2l>'p|+|i'if Ig^ W,rK/)^-i^, 

AeYpUY/^ 

and therefore 

||i^A'(A,0)||a0A/.<2e^W™-^-' J] [] [205/ii^lAlF-^^ x J] 

Yp.y/fAeYp agYk 



2015/1^" (|A|53-3"« 



Using h^, < 24 L and dropping the square in the Yk factors since \X\g^ < 1 we arrive at 



|^A'(A,</>)||a0.0,.<2e^W™-^A' ^ H [2''0,L''\X\-gi-'^^- 

Yp,Yk AeYp 

51 



AeYK 



with 
Now 



Yp,Yk 

/9 = 2i° X max(C'5,C'i5) x L^^\X\g^-hi^ . 



Yp.Yk 



■i+J—n disjoint 



Since the cardinahty of [L ^A'] is L^, we have from elementary combinatorics 



E < E/'" E 



3V 



n— 1 *J>0 



i!j!(L3-n)! 



< 



E/>" 



L3 



2" 



We use the very coarse bound 



\ _ L^L^ - !)■■■ {L^ - n + 1) 



< L 



3n 



which results in 

oo 

Yp,Yk n=l 

The latter inserted in the previous estimate for K gives the desired inequality. 
Lemma 32. If R = and |A|g3"'' < l then for all unit cube A' and cf) ^ R we have 

oo 

71=1 

where O20 = 2" max(05, Cie)- 

Proof: One can repeat the last proof verbatim except that one must use part 2) of Lemma [ 
part 1). This accounts for Oiq featuring in the new constant instead of ©15 . 

Lemma 33. // \X\g^^i^"^ < 1 then for all unit cube A' and (f> ^M. we have 

00 

\KA'iX,<P)\o^,,, < 2e^W^™/),-.,, J2 (02iL^^|A|#-* 

n=l 

where O21 = 2" max(06, dy)- 

Proof: Again from the definition of K one easily deduces the estimate 



Yp.Yk 



n 



.-Va(0i) 



Ae[L-'A'] 



00, /i. 



X |-PA(A,0i,C)|90,ft. X Yl \KAi\,4'l,0\d4>,h, ■ 

AeYp AgYk 



While 



n 



Ae[L-iA'] 

At^YpUYK 
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< 2 



□ 



I instead of 

□ 



by Lemma I13[ we have 



by Lemma [201 Indeed, < .g < 1 and tjh > i-q ensure that \\\g^^''' < |A|gT^~^''« < 1. Finally, Lemma 15(111) 
provides us with the last ingredient 

The rest of the proof is exactly the same as that of Lemma [3TJ □ 
Lemma 34. //i? = and |A|g^~'' < 1 then for all unit cube A' and (f) G R we have 

71=1 

where O22 = 2" max(06, Ois)- 

Proof: The argument is the same as in the last proof except for the use of Part 2) of Lemma 1501 instead of 
Part 1). □ 

Lemma 35. For all A' e L and Ai G [L~^A'], the quantity J+{4>) defined in ^4-°A satisfies the bound 

\J+{<P)\d<P,H'f']h, < C'23|||^Ai||l3 

where O23 = 4013 x exp (2^^^ . 
Proof: Recall that by definition 



and therefore one readily obtains 

\J+WWM^^h, < e-i^'^f'^f^^-^-' I d/ir(C) 'W)^|i?A,(0i +C)la0,L[*ih. • 

By the definitions of the seminorms and the chain rule one has 

|-RAi(01 +C)la0,L[*l/u === I|-RAi(<?!'1 +C)\\d4,,0.Ll'P]h, = \ \RAi{->P + OWd^KOJi, = \\RAi{lp)\\d^X,h, ■ 

From Lemma [771 we then derive 



iRAiWldii.h, +h^h sup ||i?Ai(V')||av,'/','i 



\RaA^i + OWu^^h. < Oi^e'^'-^^i 

< Oi3e''"'^^i|||i?Aj||g(l + /lS/l-V 

by the standard hypothesis ([?!]) . As a result 

\J+WWLi^^h, < e-^^(^'^«— ' X 2O13 X |||i?Ajlb X / dMr(C) e/--^A'W)Ce''^'c: 



2^2 



The standard hypothesis ([T7|) again allows to use Lemma |7| with a — h^^ to the effect that 
IJ+WWli^^h, < 40i3 X \\\RAA\\a X cxp (-^SRa, r/)^-!^' + ^ W, r5R/)L-iA' 



holds. Note that 

3?(/,r/)L-iA' = m,^mL-^A' - (S/,r3/)L-iA' 

and thus 

\J+WWLi^^h, <40i3X |||i?Aj|bxexp|i(3/,r5/)i-iA' 
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But 



|(5/,r3/)i-iA'| < / d'xd'y\rx-y\\Qf{x)\\^f{y)\ 



< 



/(L-iA') 

u-iA'iii- X X ri 



L3- 



V2 



< 



V2 



because of the standard hypothesis (|17p , the finite range property of F and the bound in Corollary[TJ Inserting 
this last inequality in the previous estimate for J+ gives the wanted bound. □ 

Lemma 36. For all A' G L, Ai G [i^^A'] and integer k such that < fc < 4 the (5/3 quantities defined in 



Tg| satisfy 



\Sf3k,3A' \ <02iXL 



3-kl4,] 



X max |||i?Ai Ills 

Aie[L-iA']"' 



with 



3\" 



O24 = 48 X O23 X ^ ^ 2^' ( ^ 

j/,n,/ 

where 4t'k.i,j.n.,i denote the numerical coefficients in the explicit formulas produced by Maple from §^.^[ 
Proof: Recall that 



<5^fc,3,A',Ai = ^Mk, 



1=0 



where 



exp 



-Co(0)i:-^l*l/32.A, +3Co(0)^i-^l*l/34,A, - 2(/.r/)L-iA' 



xL-^[*l X y d/.r(C) e/.-A'/Ci?W(^) 

exp [-Co(0)L-^['^l/32,Ai +3Co(0)2l-4['^1/34_Ai 



jf (0) 



and 



From the standard hypotheses we have |/32,Ail < 9^^^ < 9^ since rj < ^. We also have |/34,Ai| < fff- Using 
Co(0) < 2, i^I"^! < 1 and the standard hypothesis ((23| we then deduce the bounds 



|a»| < \J+\0)\ X exp 



25* + I85 



<2|jf (0)1 



By definition of the seminorms 

Since i < 4 we then get from the last inequality 

|a,|<48(L[^l;i,)-V+(O)la0,L[*i/.. • 

Now recall that the sum expressing the Mk^i is quantified over j > 0, n > and Z = (/i, . . . , Z„) S {1, . . . , Ay 
For the numerical coefficients 4fk.i,j.n,i to be nonzero the constraint 

li + ■ ■ ■ + In — 2j = k — i 
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must be satisfied. Tlie /3i,^,Ai are bounded by ^ or |f/ wliicli can be replaced by a uniform worst case 
scenario bound of We can thus write 



We now consider two different cases in order to continue estimating the |Mfc.i|. 

1st case: Suppose i > k. Since the Vs arc positive, we have L"^'^"' < 1. We also use the coarse 

bound g^^'' < 1 which results from the standard hypothesis 7] < j. We then simply write 

\MkA < El^'^'^^^-."^'!^' X (l 

2nd case: Suppose i < k. Since j > 0, the previous constraint implies 

/i H ^ In = 2j + k - i > k - i 

and therefore L"('i+-+'")['^1 < One can also infer that n > 1 since /i + -- -+/„>A:-i>0 

with the consequence that < .9^^^'- The bound on |Affc,i| which results from these remarks can 

reorganized as 



j,n,l 

Since 0<z<fc<4, /i*>l and e < 1 we have 



The standard hypothesis ([23|) now allows us to write 

mA < [kl^'^^Y^''^^ X X \#k,u,n,i\2' (l 

which is the wanted bound for |.Affc.i| in this second case. 
We now combine the previous consideration and get 

4 

|'5/3m,A',aJ <X|MmI + E I^-^mI 

i=k 0<i<k 
4 /o 

i— A; j-.^jl 
0<i<fc j.n,l ^"^ 

Since il"^! and /i* are greater than 1 wc have (L^'^l/i*)"* < (lI'^'/i*)^'^' when i > k. We can then more 
conveniently write 

4 

|<5/3fc,3.A',Aj < 48(i[^l/i.)-^V+(O)la0,LM^. x J] ^ |#fc,,,,,„,z|2^' x 

i — 

from which the desired follows thanks to Lemma [55l Finally the second bound on |(J/?fe,3,A'| follows simply 
by summing over Ai € [L~^A'] and discarding the factors h~'' < 1. □ 

Lemma 37. For all unit cube A' and all integer k such that < k < A, we have 

\Spk.l,A'\< 025g^-''LH{k<3} 

where O25 = ^ . 
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Proof: From the definition we get 



\5P, 



A:,1.A 



'I < 



El 



fc + &<4 \ (fc + 5)! ^_,.[, 



b > 1 



fc! bl 



Pk+b 



where the Feynman diagram has been defined in i )4.2l This already shows the vanishing when k = A. We 
now restrict to the case fc < 3. We bound the /'s by ||/|l-ia'I|l°° and perform the integration over the 
corresponding points of evaluation in which give ||r||^i factors. We thus get the bound 

b ^ ^ I 

< ll/k-A'llioo X llrll^i X L3 X max^ ^ \l3k+b,A\ 



Pk+b 



Ae[L-iA'' 
6 



We discard the ^ factors and bound the remaining power of L, namely 



by i2 since b > 1 and 



e < 1. Hence 



fc + 5<4 1 {k + b)l 3_i_ I 
6>1 f k\b\ 2^ 



where we also discarded the factor L '^['^1. Since 



max 

0<fc<3 



fc + 6 < 4 \ { k + by. 

fc! bl 



the lemma is proved. 

Lemma 38. For all unit cube A' and all integer fc such that < fc < 4, we have 
with 



026 



at + 6, < 4 
1 < m < min(6i, 62) 



ai ,a2 -bl ,b2.'m 



xC{ai,a2\k) x 2 

fc + 6 = 5or6 1 (fc + &)! 
> I fc! 6! 



(ai +5i)! (a2 + b2)! 
oi! 02! ?Ti! (61 — m)! (62 ~ "T-)! 



where the C(ai,a2|fc) are t/ie connection coefficients defined in 
Proof: From the definition we have 

a,; + 6,: < 4 

|5/3m.A'I< E 1 



ai,a2,bi,b2,m 



fli > , fei > 1 
1 < m < min(&i, 62) 



x-C(ai,a2|fc) X x CoW "' x 



(ai +61)! (02+62)! 
oi! 02! m! (61 — m)! (62 — ™)! 

f\ _ // 

62—1 



El 



fc + 6 = 5 or 6 \ (fc + 6)! . 



b>0 



fc! 6! 




The diagrams are bounded in the same way as in the previous lemma by 

b 



Wk+b 



< -2-2r,^3-fc[0l <g2-2r,^3 



□ 
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The diagrams with two internal /3 vertices are bounded using the same method which gives a factor of 
II/|l-ia'IU°° ^ l|r||Li < L"'"^' per / external vertex. The |/3|'s are bounded in a uniform manner by ^g^^^ 
and this results in the estimate 




^1+^2— 2m 



(L-1A')2 



d^xi d^a;2 |r(xi -X2)r 



Since 61 + 62 — 2m can take all integer values between and 6 wc simply discard the factor (X'l-^l) 
in the bound. By the ultrametricity and the finite range property of T we have 



61+62 — 2m 



/ d?xi d?X2 \T{xi - X2) 



L^iiriir™ 



'(L-iA')2 

For the purposes of this lemma and for the relevant values of to, namely 1, 2 or 3, wc use the blanket estimate 

v2 



We therefore have the estimates 



and 




which wc insert in the previous bound on |(5/3a:,2.A' |- We drop the L (''i+''2)[0] ^^^i^ ^ klct>] f^g^^Qj-g ^nd use 
Co(0) < 2 to arrive at the wanted result. □ 

Lemma 39. Let O 27 = 16 x 25 x [32025 + 40026 + 40024]- Provided X satisfies O 27 L^\\\g^-'^ < 1 we have, 
for all A' G L and (j) eM., 

||e-*'-'(«+^^-'(^>)||a0,^,.<3. 
Proof: By the multiplicative property of the seminorms and by Lemma [14] we have 



Now by definition 



< 2e-re* xeiip[\\6VA'{X,cj))\\94,,4,,h] 
4 

5Va'{X,(P) = ^5/3fe,A'(A) 



■Co 



fc=0 
4/3 



fe=o \j=l 



■Co 



and therefore 



||<5^^A'(A,<^)||a^,^,„ < J2 1^1' l'5/3fe.^-,A'| II : 0' -.Co \\o^,^,h 



0<fc<4 
1<J<3 

As in the proof of Lemma [TSl we have, for < fc < 4, 

II : :co lla</.,0,/i < 25 X max ||(/)°||a0,0,;, 

0<a<A; 

< 25 X max (/i+ |0|)° 

0<a<A; 
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For the definition of h one can write 

g^W ■■ (f)'' --Co \\d^,^,h < 25 X max Ic/)])" 

0<a<fc 

< 25 X max (ci + 

0<a<k 

since a < k and g < 1- Since ci < 1 we lias the more convenient bounds 

5*11 : 0'' :Co l|90,0,/» < 25x max 

0<a<k 

< 25(1 + .g3 101)'^ 

which result in 

\\SVA'iX,ma4,,<P,h<25 |AP |<5/3fe,,.A'| xg-*(l+5^|(/.|)'= . 

0<fc<4 
1<J<3 

We now bound the contributions of each j separately. For j = I, one has by applying Lemma [37] 

E IsPk.iM^rHi + g'-m" <025-g'-''Li Yl + 5^101)' ■ 

0<fe<4 0<fc<3 

For nonnegative numbers A and B one has the classic inequality 

A + B ^ fA'^ + B'' 



2 

for all a > 1 which can be conveniently rewritten as 

(29) {A + B)'' < 2''-\A'' + B") . 

For < fc < 3 wc bound g~^ by g~J and also write 

(1 + 5^101)' < (l + 5^l0l)'<8(l + #4) 
using (|29p with a = 4. As a result we have 

Y l-J/Sfe.i^A'l X5"*(1 + 5^I0I)' <4x8x0255'"''i^ x {1 + g^^) . 

0<k<4 

We use a similar for the j = 2 contribution where the sum over k goes from to 4. Namely, bounding 
by g, (1 + g^ |0|)^ by 8(1 + g4>'^) and using Lemma l38l we get 

Y I^/5m,A'I X r*(l < 5 X 8 X 0265'"'"^' X (1 +#^) . 

0<fc<4 

The same procedure for the j = 3 contribution, this time using Lemma [36] and the standard hypothesis (|18p . 
gives 

Y l-^/^M^A' I x.g-* (1 + 5^101)' <5x8x024g5-''«i'x (l+#^) . 

0<fc<4 

Hence one can collect the previous separate estimates into 

\\SVA'{X,md^,^,h < 25(1 +#4) [32025|A|5^-''Lt +40O26|Ap.9i-'''L' + 40O24|A|3g5-"«L3' 

Let p = |A|g^-'' then clearly |Ap.g^^^'' = p^g^ < p^. Also because of the standard hypothesis rjjf < l + 3?7 we 
have lAj'^^i^''" < p"^. Notice that since for instance 025 = we clearly have ©27 > 1- Thus the hypothesis 
of the present lemma implies in particular that p < 1. We therefore have the more convenient bound 

\\SVA'{XA)\\d^,^,h < 25(1 + .#^)lVx [32O25 + 4OO26 + 4OO24] 

and thus 

||g-y^,(0)+5v^,(A,0)||^_^ < 26-*-^' exp {25^^ [32^25 + 40^26 + 4OO24] (1 + .#^)} • 
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The hypothesis and the chosen definition of ©27 implies 



exp {25LV [32O25 + 4OO26 + 4OO24] (1 + #^)} < exp 1^(1 + 



which gives the desired bound 



Lemma 40. Let 



O28 = 200 X <j log ( X [4O25 + 5O27 + 5O24]. 



Provided A satisfies 028L^\X\g^^ < 1 we /lawe, /or a// A' £ L, 

|e-^-'(^)+^^-'(^'«|a^,,. <3. 
Proof: Again by the multiplicative property of the seminorms and by Lemma [T?] we have 

|g-v-,,(0)+5v,,(A,^)|^^^^^ <2xexp[|<SyA'(A,</>)|a^,,J . 



We also have 



For < fc < 4, 



0<k<4 
l<i<3 



■Co\d<t>.h, < 25 x max 

0<a<k 

< 25 X max /i° 

0<a<fe 

< 25/i^ 



since > I. Using Lemmas 1371 1381 and |36] we then immediately get 

\SVA'{X,<j>)\a^,h, < 25J1AIX 



fe=0 / 

\X\'x(j202,f-''^L'h':] 



□ 



We bound powers of simply by = 2^L~r < 8L^ and Li by L^. We thus easily get 

\SVA'{X,^)\a^M. < 25 X 8 X l9 {4IAIO25.9'"'' + 5\X\^026f-^'' + 5|Ap3024ff'^"''"} - 

Let this time p ~ |A|gT^~-j''R. Since log (|) ~ 0.405... and, e.g., ©25 = it is clear that ©28 > 1- Hence the 
hypothesis of the lemma implies p < I. Besides, the standard hypothesis > 3r; implies < gT5-3''«. 
As a consequence we have 

SVA'iX,(l))\9^^h, < 200 X LV{4025 + 5O26 + 5O24} 
from which the result follows easily. □ 
Lemma 41. Let ^ 

029 = 200 X jlogQ^l X [4025+5027]. 

Under the extra assumption that i? = and provided A satisfies 02gL^\X\g^~^ < 1 we have, for all A' g L, 

|e-^-(^)+*^-(^^«|a,,.. <3. 
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Proof: The proof is the same as that of the previous lemma except for the absence of the /3fe.3,A' terms. 
The only modification is to let p = |A|5^~'' instead of |A|.gT5-3')«. □ 

Lemma 42. Lef O30 = O2.5 + C26 + C24 • Provided \ satisfies 0'ioL^\\\gT^~^'^'^ <1 we have, for all I!:^' el., 
\5bA'{X)\ < 1. 



Proof: By definition 

From Lemmas [371 131] and [35] we get 

|<5/3o,i,A'| < 025^^9'-" 



3, A' 



l'5/3o,2.z 



< 



^5-2-2r, 



^26^ 3 



|^/3o,3,A'| < 024i'ff'^"''" 

which give 

|^6a'(A)| < [O25IAI5'-" + 026|Apg2^2'' + 024|Ap5^-''« 
Since clearly O30 > 1, one can conclude as we did previously that 

|<56a'(A)| <O30i'|A|ff^-i'?« < 1 . 



□ 



Lemma 43. Let O31 = O25 + 026- Under the extra assumption that R — and provided A satisfies 
031X5] A|gi-'' < 1 we have, for all A' e L, |56a'(A)| < 1. 



Proof: The proof is the same as that of the previous lemma, without the i5/3o.3,A' term. 
Lemma 44. Let 

O32 = niax(20i9, 027,030) and O33 = 7 x cxp ( 1 



□ 



V2' 



Provided A satisfies 032L^^\X\gi a")" < I we have, for all A' G L and cj) £ 

\\K'A'iX,4>)\\d4,,4,,h < O33 . 
Proof: One can rewrite the definition of K'^, (A, (f>) as 



{i^A'(A, 
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-V^,{cl>)+5V^,{\,. 



from which one deduces 



l|Al'(A,0)||a0,0,^ <el*''-'(^)l xexp 



{ll^A'(A,. 



|a0,0,ft + exp 



2^2 



Indeed, we previously showed \{f,^f)L-^A'\ < We have 



'^'^''''*'^\\d4,,4,,h < 2 by Lemma [H Clearly 
^32 > O30 > C25 > 1 and therefore the hypothesis of the present lemma implies that of Lemma [3TJ The 
latter gives the bound 



\\KA'{X,(f>)\\d4,,4,,h < 2 exp 



2-2 X 



where we used r3?/)i-iA'| < Since < a: < ^ implies J2^=i^^ — 1 and since the hypothesis 
implies OigL^^\X\gi~^^"^ < ^, we have the simpler estimate 



\\KA'{X,4')\\d^.,^.h < 2 exp 
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2^2 



From > 377 we get g^~^ < g^~^^'^. Since also < L^^, the hypothesis of the present lemma implies 
that of Lemma [39l which gives us |(S6a'(A)| < 1. Finally, since gri-^^R < gi~3^R^ the hypothesis of Lemma 
l42lis satisfied. This gives us the last needed ingredient 

Altogether we obtain 

< e X cxp [2-5] X |2cxp [2^^] + cxp [2"^] (3 + 2)} = 033 . 

□ 

Lemma 45. Let 

O34-max(2O20, 027,031) ■ 

Under the extra assumption that R = and provided A satisfies 034L^^^\X\gi~^' < 1 we have, for all A' e L 
and G M, 

Il-^A'(A, 0)||a0,0,ft < ^33 ■ 

Proof: The proof is similar to that of the last lemma. The only modifications are as follows. We use Lemma 
[32] instead of Lemma [311 noting that O34 > O31 < O25 > 1. We use Lemma [43l instead of [42l □ 

Lemma 46. Let 

035 -max(202i, 028,030) • 
Provided A satisfies 035L^^|A|gT5-§';« < 1 we have, for all A' e L and G M, 

\K'^,{X,cj))\a^M, < 033 . 

Proof: The proof is similar to that of Lemma [^ The only modifications are as follows. We use Lemma [551 
instead of Lemma [311 noting that O35 > O30 < O25 > 1. We use Lemma [40l instead of [39l □ 

Lemma 47. Let 

036 =max(2022, 029,031) . 

Under the extra assumption that R — and provided A satisfies 03gL^^|A|g^~'' < 1 we have, for all A' G L 
and G K, 

\K'^,{X,cb)\a^M, < 033 . 

Proof: The proof is similar to that of Lemma [311 The only modifications are as follows. We use Lemma [Ml 
instead of Lemma [STl noting that O36 > O31 < O25 > 1. We use Lemma [HI instead of [35] and Lemma [151 
instead of [H □ 
RecaU from 31l2]that 



(30) UA'ivm = erA'(^)('^) +Ca (^)('^) +?tA'(^)('A) 

where 



and 



etA'(^)(0) = (e-^-'(^) - e-^A'W) Q^,(0) 
The next few lemmas will provide bounds for each of these terms. 
Lemma 48. For all unit cube A' we have that 

\\\&{V)\\\s<037L''g'^-'^^ 

where O37 = O33 x max[Of4, Ofg]. 
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Proof: We use the freedom to deform the contour of integration in order to pick for 70 the circle of radius 
p around the origin where 



We then use 



P 



> 



< p ^ sup ||Aa'(A,< 

d<t>.<t>.h -^^To 



\R=0\\d(t>,<i>,h 



by Lemma l45l Hence 



The bound on a" derived in the same manner using Lemma 27] and setting 



for the contour radius. We get 



and therefore 



remain / 



by definition of the 1 1 
Lemma 49. For all unit cube A' we have that 



^(V^)lll, < O33 X L'' X max [Oleff'"'", (^leS^"'" 
g norm. Since 5 < 1 the lemma follows. 



□ 



where O38 = 2O33 x max[0|2, Ofg]. 



Proof: We proceed as in the proof of the previous lemma. We take for the contour 791 a circle of radius 
7 ge2 around the origin. This ensures that both and 1 are enclosed by the contour and allows one to bound 
rr^T by -. We first take 

|A-1| p 



> 2 



because of standard hypothesis (|25p . Lemma |44] then results in the boimd 

\\e^PiVm\W.,.H < O33 X -| = 2O33 X Ol,L''-g'-i^- 



Likewise, if we pick 

^'■^35^%' 

then the latter is at least equal to 2 by the standard hypothesis psp Therefore |46] results in the bound 

&'iVm\o^,h, < 2O33 X 03%L«"#-|''« . 

Finally, we get 

mRpiVMs < 2O33 X X max [ot.g'^-i^- Af-^'^'^' ■ 

The conclusion of the proof is a matter of showing that the powers of g involved are bounded by g~^^^ . In 
other words, one needs to check the two inequalities 

11 4 11 



and 



4 11 
3 - -^VR > — - 3?7 



The first inequality follows from the second since ^ > 3. Finally, the second inequality is equivalent to the 

□ 
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standard hypothesis ([24| and therefore holds 



Lemma 50. For all unit cube A' and aZ/ G R we have that 
where 

O39 = 2^^ X 3* X 11 X 103 X (5 + \/2) X X ©27 x max ( —) 

0<n<6 V4e/ 

Proof: Recall that 

4 

VA'(0)=^/3fc,A' -Co 
fe=i 

while 

VA- (0) - Va' (0) - ^l^A' (0) + <56a' 

with 

SVa'{^) = SVa'{X,cI))\^^, and <55a' = SbA'{X)\^^, . 
Let us introduce the notation 

so that 

4 / ^ 

fe=i fc=i \j=i 

The latter quantity is the same as 6Va'{X,4>) that was estimated in Lemma 15^ except that the sum over k 
goes from 1 to 4 instead of from to 4, and A is now set equal to 1. By the same argument as in Lemma [35] 
we therefore get 

||t^A'(A, Md^.^M < 25(1 + 9^^)L^p X [32O25 + 4OO26 + 4OO24] 
with p = g^-'J < 1 by the standard hypothesis (|T5|l . Note that for simplicity we did not take advantage of 
the smaller range of summation for k in order to improve the coefficients 32 and 40 in the last bound. 
We now write 

= _e-V'A'(0)Q'^,(0) /'ds C/a'(0) e^^^'^-^) 
Jo 

which implies the bound 

\\CRA'{V)\\o4,,4>,h < \\e-''^'^'^^\ac^,c^,h\\Q'A'{mo<p,<p,h x [ ds HC/A'WIIa^A?. x exp{s||C/A'(0)l|a0,0,4 



--Co 



(31) < IIQk'WIla^,^,/. ||f/A'(<^)||a0,0j. ell^-'(^)ll«*>-'' . 
Each of these four factors needs to be estimated separately. By Lemma [Til we have 

(32) ||e-^-^'('*)||a0,0j, <2e"A'^\ 

The last exponential expression will be needed in order to control each of the other three factors in ([3T 
Indeed, we will show that the latter can be bounded using the exponential oi ^ x ^(p'^ = ^(p'^ . 
By the previous considerations, 

(33) ||[/A'(0)||a0A'^<25(l + g04)^5^i-r,x[32O25+4OO26 + 4OO24] • 
Since 

48 X 25 X [32O25 + 4OO26 + 40024] = 3 X O27 
the standard hypothesis ([25]) ensures that 

1 1 C/a' (0)1 1 00,0,/. < ^ (! + .#") 
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and therefore 

(34) ^\\u^'(<l>)\\B4>,4>.h < X e**^" 

which is the first estimate of the kind we are seeking. 
Next wc note that ((33)) can be rewritten as 

1 1 C/a' (0)1 190,0,/. < ^027i'5'""(l+.#') 

< -Lo27L5.g^-''(48 + #4) 
16 

< 3O27i'5^-''(l + ^0') 

(35) < 3027i^5^"''eA'^' . 
FinaUy we need a similar bound on the Q'^, factor. Recall that 

Qk'(0) = M^5,A' : 0A' -Co +WU, : A' -Co ■ 

Similarly to the proof of Lemma [5T] by undoing the Wick ordering we have 

WQA'iMdc^.c^M < \W^,A'\ X 81 X f max 110'' II a^,^,^ 

\ 0<a<5 



and thus 



\WU'\ X 331 X max \\r\W.c^.h 

' \0<a<6 



WQ'A'md^.^M < 412 X max [|M^^,^,|, K^,|] x max H^'^l 

0<a<6 



i>.h ■ 



Now for < fc < 6 and for 7 > we have 

II*'||SMJ. = (A + 1*1)' 



S E(i)>=KJ)'""x (1^)^(75)-.*' 

by the first inequaity in Lemma [8] with /S^ = g. If also 7 < 1, then we bound 7"^ by and get 
||</'1|O0,0,.< (max^(^)'^) xg-*7-*e^^*' x {1 + c,)'^ . 

We now pick 7 = ^ and simply bound {1 + ci)'' hy 2'' < 2^ . One then easily obtains 

<412xmax[|W^^^,|,|W^^^,|] x f max (^V) x .g~i48i x 2^ x e*-^* . 

y0<n<6 \4e/ J 

In order to continue we need to now bound the W factors. From the definition in ij4.2l we immediately get 
Since rj > 0, wc get from Corollary [T] 

namely, 

|W^6,A'I < i3~^[^lg'^'''(l + 9V2L3-2[^1) < L6-8[^lg2-2r,(i + 9^) 
Now from the assumption e < 1 we get [0] = > ^ and therefore 6 — 8[0] < 2. As a result we simplify 



the last bound on Wg into 



|M^,^,A'I<^V-"'(1 + 9V2) 
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Similarly, from the definition in N4.2[ Corollary [T] and the standard hypotheses ([T5|) and P7|) , we easily get 

\WU'\ < L3-5[0]^2-2„^g^-5[0]-2-2„^3 1 ^3-2[0]^-(3-[0]) 

v2 

+ f2L-5[^l-gL3 1 ^3-2[0]-l-^ 48^-5[0] 2^3i^2(3-2[0])^-(3-[0]) 

2^ V2 V2/ 2 

< i3-5[0] -2-2r, ^ ^ 3V2L"["^1 + 9\/2i3"2['^l + 54L3"3['^1 
< L^^-mf-^v li + 3^ + 9^ + 54 
since L"!*^! and l3-3[0] g^j^g bounded by l3-2[0]_ gjj^,,^ e < l implies 6 — 7[(t>] < | we then have 

|W'5,A'l<i^ff'""'xll(5 + ^/2) 
which compared with the previous estimate on Wq results in 

max[|l^^_^,|,|W^^_^,|] <Lif-'^ x 11(5 + ^2) . 

As a consequence we have 

(36) \\Q'^,i^)\\94,,4,,h < ^12 X L^^~^^ X n{5 + V2) X f max f^)~) x 5-^48! x 2^ x eA-^" . 

\0<"<6 \ 4e / / 

Finally we use the bounds (PT|) . ([5^ . (|34p . (P5|) and ([55)1 in order to derive the inequality 

x412 X Lip-^'' X f f (5 + V2)x (max^ ' 



x 482 X 2'' X e-'s'' 



x3027L^g^"''eA'^* 
xe-is X e-'s''^ 



which after cleaning up becomes the desired bound. □ 
Lemma 51. For all unit cube A' we have that 

where 

©40 = 2^ X 3 X 11 X 103 X log X (5 + \/2) X O28 ■ 
Proof: As before we have 

Lemma [m allows us to bound the first factor by 

|e-^-'(^)|a0,h. <2 . 

The quantity J7a'(0) estimated in the same as (5Va'(A, 0) in Lemma 1401 with A = 1. except that the 
sum over k goes from 1 to 4 instead of from to 4, and A is now set equal to 1. Hence 

\UA'{X,^)\a^,h, < 400 xL9x [4O25 + 5026 + 5O24] x 5^-3'7k 

or equivalently 

\UA'{X,<l>)\8^,h, < log 0) O28 X L^gra-i''^ . 
Now the standard hypothesis (^5]) implies 

\UA'{X,(l>)W.h, < lo: 

and thus 

^\U^,{\,4>}\a4,.H. < 3 

- 2 
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\Q'i^>md4>,h, <412xmax[|W^5',^,|,|W^^,^,|] x max \rW,h, 

0<a<6 



Finally we bound Q' as before by writing 
but for < a < 6, 

ma^^h, ^K< hi = (2^L^)' < 2«l6 . 
This, together with the W bounds from the proof of the previous lemma, provides us with the estimate 

\Q'A'{^)U,h, < 412 X 2ti¥g2-2„ X 11 X (5 + V2) . 
Altogether we collect the bound 

&{V)m9c^,H, < 2 X I X log 0,s X L^g^-i^- 

x412 X 25L¥g2-2r, X 11 X (5 + %/2) 

which after cleaning up becomes the desired bound. □ 
We now combine the last two lemmas into a single more convenient result. 

Lemma 52. For all unit cube A' we have 
where On = max(C'3g, ©40). 

Proof: From Lemmas [50l and ISTl we immediately obtain 

llietA'llb<max[o4oif.#-2''-*"- , 039i^*.#-'''' 
We have 

35 „ 1 \ /II \ 1 1 

1 1 / 3 9 \ 5 1 ^ 

^6+^'-3U + i'hi^ + 4^'''' 
by the standard hypotheses ((Ml) and Therefore 

and the result follows. □ 
Lemma 53. For all A' e L and A G [L^^A'] we have 

|-^A',Ai((/>)|a0,LWl/i. < C'42|||i?Ai|||fl 

where O42 = C23 + 2500-24 ■ 
Proof: By definition 

Ja',Ai(0) = J+(<^)- J-(0) 

where 

J+{(j)) = e-i'-^-^^'^^-^^' X J dfiriOe^''-''^' ^'^RaA4'i + 



and 



By Lemma [35] we have 

\J+i'l^)\d<P,Ll'P]h. < C23|||-RAi|||3 ■ 

By Lemma we also have 

\SPk,3,A'Ai\ < 024i"'[*l/i;1||i?Aj|b 

We again use 



I : -Co Wn^^h. < 25 max l^Wn^^h, < ^bL^^I'^h'' 

0<a<k 
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since \4'°-\d4,,LWh, = [L^'^^KY and il'^'/i* > 1. Finally, by the chain rule 

by Lemma [T^ As result we easily arrive at 

k-(0)la0,L[*i/.. < 250O24|||i?Aj|l5 . 
The latter as well as the previous inequality for imply the desired estimate. 

Lemma 54. For all A' G L, A e [L~^A'] and G R we have 

ll-'"A',Ai(0)|la0,0,LM/i < C'435~^III^Ai|||g 

where 

Oi3 = exp 1^^^ + 155024 . 

Proof: Clearly, we have 

\\JA',Ai{4')\\d<l>.,<l>.Ll't>]h < \\J+{<l>)\\d<P,<P,LMh + \\J-{'l>)\\d4>,4>,LMh 

and both terms will be bounded as follows. We first write 



and then use the chain rule as well as the definition of the ||| • |||g norm in order to derive 

||^Ai(01 +C)lla0,0XM/» = I|-RAi(V' + C)I|o!A,0i,'» = \\RA,W\\di,,<l>i+C,h < 5"^III^Ai|||g 

Besides, as shown before \{f,Tf)L-^A'\ < Hence 

\\J+{mo^,^xi*^h<eM2''^]9-'\\\RAAh [ dA^r(C) e/-^A'W)^ 



<exp[2-i].r'|||i?Ajlbe5W^™/),_,,, 

by Lemma [7] with X = or simply exact computation. Again one easily gets that 1(3?/, riK/)^,- 
which results in 

\\J+{<l>)\\dcl>,cl>,LMh < CXp[2-2]g-2|||i?_^J||g . 

From the definition of J_ (0) we immediately get 

4 

\\'J-i'P)\\aci>,ci>,LMh < ^\Sl3k,3,A',Ai\ X Ih -Co lla,/.,,/.,LW/il|e"^'^i^'^'^|la0,0,L[0i/i ■ 

fc=0 

By the chain rule and Lemma [T^ 

Again by undoing the Wick ordering we have 

W '■ 4''' -Co \\a<p,<p,Li-t>]h < 25 max . 

But 

since L^'^'l/i > 1 as follows from h > h^,, i.e., from ((2T|) . Now 

II : 0' --Co lla0,0,Li.i. < 25(L[^l/i + = 25^ ( M (lI-^Icis"^) 101" 



n=0 

k 



n=0 
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by Lemma m and for any 7 > 0. Here we choose 7 = which entails 



n=0 



As a result of the previous considerations we arrive at 

\\J-W\\dA.6.LWh < 50 X ( rnax 



n \- 



0<n<4 V2e 
k 



Since n < 4 we simply bound ^ by 1 . We also use Lemma [36] in order to write 

k 

\\J-{mo4>,4>,Ll^ih < 50 X 024\\\RAA\\-g xY,r^h;^{ci + 2^)^' . 

Now we bound by 1, by the worst case scenario g^^ < g^^ and finally ci + 2i by 2. Since 

1 + 2 H h 2^ = 31 we then obtain 

P-(0)lla0,0,LW/i < 50 X 31 X C'245"^ll|fiAil|ls • 
The latter inequality, combined with the previous one for J-|_, gives us the desired result. □ 

Lemma 55. For all unit cube A' G L we have 

-iPJ)tu\\\\ ^ . X. r3-5 



where 

Proof: Recall that 



I^A' (^)llla < C44 X L^-^l-^l X max |||i?Ai| 

^ /iiiy AiG[L-iA'] 



O44 = 2^^^ X Ou X (O42 + O43) 



Hence 



Aie[L-iA' 



Aie[L-iA': 



n 



Ae[L-^A'] 

- A^Ai 



n 



-Va(0i) 



Ae[L-iA'' 
A#Ai 



X Ja',Ai(0) 



X |JA',Ai('/')|a0,/i. 



Now by Lemma [T3l with Yq = [L ^A']\{Ai} we have 



n 



Ag[L-1A'] 
A#Ai 



< 2 . 



By definition of the seminorms 



|Ja',A,(0)|9*,.. =E^I-^A'!a,(0)I 



However, by construction in §4.21 the derivatives J^^^^ (0) vanish when < n < 4. As a result 



\Ja',A.WWm = E -l\JA'A^(0)\ = E ^" 



(h lI"^!")" r > 



n— 5 



n— 5 
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n— 5 



and thus by Lemma [32] we have 

Aie[L-iA'] 



< 2042^^^^'"^' max |||i?A,llla 

Aie[L-iA']"' 



Likewise, we have 



Aie[L-iA': 



n 



'Fa(0i) 



ag[l-ia'] 

A#Ai 



X ||^A',Ai(0)||a0,0,/i • 



If we let Fo = [L"^A']\{Ai}, then IFqI > ^ and by Lemma[I3] we have 



n 



-Va(0i) 



Ae[L-iA'] 

A#Ai 



By Lemma [^5] with /?4 = _g and 7 = one has 



iJA'AiWW.h + i""*'^' sup I Ja%Ai Wl 



By the same argument utihzing the vanishing of the first few derivatives at the origin as before, with h 
instead of /i*, we get 

\JA',Aii(t>)\d4>,h < L^^^'^^\Ja' ,Aii'^)\d4,,Lif]h ■ 

Now by Lemma [53] 

\JA',AlW\d<P,H*'Ui < C'42|||i?Ai|||g 

whereas, by Lemma [Ml one has 

sup I JA',Ai(V')la^,^,Ll*l/i < Oi3g^^\\\RAi\\\g ■ 

We then arrive at the estimate 

l|JA',Ai(0)||a0,0,h < Oi4 X 2^ X e^^"\\\R^,\\\g X 
Using L~^l'^lg~^ as a common bound of L~^^'^^g~^ and i"^!'^] wc immediately get 

\\C^l^'\R){md^,^,h < E 2l"Oi4(042+043)i"''*l5"'ll|i?Ai 
Aie[L-iA'] 

and hence 



Ai6 L-iA' 



f X < 2l0Oi4(O42 +043)i'~'[' 

The latter inequality, combined with the previous one for the | • \d4>,h, seminorm, give 

\\\cf;^\R)\\\g < L'-'^^^ ( max |||i?Ajlb') x max [2O42, 2i"Oi4(042 + O43)] ■ 

Since clearly On > 1, the last maximum reduces to the second term, i.e., the given value of 044. 
Lemma 56. For all unit cube A' we have 

|||^fi,A'(^)|lb<045i'°#-'" 

where 045^037 + 038 + Oil. 
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□ 



Proof: Since implies 

\\\UA'iv)\\k<mR:i^ms + \\\t^^^^ , 

Lemmas H51 and [5^ immediately imply the desired result. □ 

6.4. Conclusion of the proof of the main estimates for RGcx- Wc choose Brc = O44 defined in 
Lemma [55l Then if one fixes Z > 1 or equivalcntly L, we take Bk ~ 024L^~'^^'^K for < fc < 4. We also 
set S/jj = Oi^L^'^. The hypotheses on 7] and r/R in the statement of Theorem |4] easily imply the properties 
of 77 and rjR mentioned in the standard hypotheses ([15]), and ([M)) . Now once Ag has been chosen, 
the calibrator g can be made as small as desired by taking e small enough. It is a simple matter of going 
through the inequalities in ^Q.2\ in order to check that all the standard hypotheses are satisfied for small e 
and therefore all the lemma in the previous section hold. In particular, for < /c < 4, 

\^kA'iy)\<Bk max |||i?A|||g 

Ae[L-iA'] ^ 

follows from the definition Cfe,A'(^) — ~<5/3fc.3,A' and Lemma Likewise, 

\\\cif{R)\\\, < BncL'-^^^^ ^ max |||i?A|lb 
is the result of Lemma [55l Finally, 

has been established in Lemma [5^ 

The statement in Theorem |4] about sending real data to real data is obvious from the definition the RG 
map in §4.21 So is the one about analyticity now that the previous bounds on the outcome have been proved. 
The proof of Theorem |4] is now complete. 



7. The bulk RG 

In ^4.11 we defined the complex Banach spaces fiB, fbk and fex- The transformation RGex defined in 
t^4.2l is an analytic map from a domain in £cx (given in the hypotheses of Theorem!?]) into £ox- In this section 
we will show that the subspace £bk is stable by this transformation and similarly for £ = x C^^ cv(^' 
seen as a subspace of £bk and therefore of S^x too. We will also derive simpler formulas for the transformation 
restricted to £. 

Proposition 1. The space £hk is invariant by RGck- 

Proof: This is a trivial consequence of the translation covariance of the definition of RGcx in §4.21 □ 
Let (g,fx,R) G £. This corresponds to an element 

V = (/34,A,/33,A,/32,A,/3l,A, W^5,A,M^6,A,/a,-Ra)a6L 

in Sex via the specifications 



/34,A 


= 9 


/33.A 


= 


/32,A 


= ^^ 


/3l,A 


= 




= 




= 


/a 


= 


Ra 


= R 
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for all unit cubes A. We introduce the notations 









= C2.A(0)(^) 




= Co,A(0)(^) 




= Cii,A(0)(^) 






6b{g,fi,R) 





in terms of the previous vector V. Note that we could have used any box A' instead of A(0), the one 
containing the origin. 

Proposition 2. The space £ is invariant by the map RGcx- The restricted transformation 

EG: £ £ 

which we call the bulk RG is, more explicitly, given by 

g' = Ly-Aig^+^iig,n,R) 
fi' = L^fi- A2g'^ - A3gfi + £,2{g,fi,R) 



where 



A2 = 48L^-^l*l I / T{xY d'x I + 144L^-*^^lCo(0) | / T{xY d'x 



I V{xf d^x] + 144L 
J% J 

^3 = i2l3-2[0] / r{xY d'x . 
hi 

In addition, the vacuum counter-term 5b = Sb{g, /i, R) is given by 

Sb = Aig^ + A5fi^ +^o{g,H,R) 

Ai = 12L^I [ Tixf d^x] +48L^-^^^^GoiO)l [ Tixf d'^x] + 72L^-^^^^Co{OY I [ Tixf d'^x] 
VQl J \JQl J \JQl J 

T{xY d^x . 

Proof: We compute the specialization of the map V defined in §4.21 to the present situation. Clearly 

since /a = 0, the new /^/'s defined in dU are identically zero. Likewise, since the W^, are zero the equation 
for the new one reduces to 

W'^ A' = 8i-6[^l / d^x d^y Pi{x) T{x - y) P^{y) = SL'^^^^g^ [ d^x d^y T{x - y) . 

But for X e L^^A', by a simple change of variables z — x — y, 

[ d^y r(.T -y)^ [ d^z r(z) = / d^z r(z) = f(0) = 

Jl-^A' JL-iA(o) JQl 

because of the finite range property and the vanishing property at zero momentum. Therefore ^, vanishes 
identically and so does ^, for similar reasons. Now one easily sees from the definition and specification 
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where 




= 




A5 = 









of the input V that 



$4.A' = L^g 
h.A' = 

/3i,A' = 0. 

Then we consider the first corrections SPk,i,A'- These are all zero since in their defining equation ([5]) the 
constraint 6 > 1 implies that at least one / is present. However f ~ identically and therefore the Feynman 
diagram in ([5]) vanishes. In sum, (5/3fc.i,A' ~ ^ for all k such that < fc < 4 and all unit cube A'. 

We now move on to the computation of the second order corrections (5/3fc,2.A'- Again since / and the VF's 
are zero, the defining equation ([5]) for these quantities reduces to 

flj + m < 4 1 (oi + my. (02 + rn)\ 



^ 1 fli > , m > 1 I 

n -\ rif^ 711. ^ 



ail 02! 



xic(ai,a2|fc) X L-'^-Mm ^ Co{0)^^^^ x pa,+mf3a,+.^ X / d^xi d^X2 r(xi - X2)" . 

^ J(L-1A')2 

Indeed, nonvanishing imposes the absence of / external vertices and thus &i = &2 = Note that since the 
I3v{x) are constants with respect to the location x we pulled them out of the integral and suppressed the x 
dependence in the notation. Now one can rule out the value m = 1 which gives a vanishing contribution for 
the same reason as explained above when computing Wq. Another simplification is that S/3k,2.A' vanishes 
if k is odd. Indeed, if k is odd and if the connection coefficient C(ai,a2|fc) is nonzero, then ai + 02 must 
be odd too and thus also ai + m + 02 + m. Since this forces a,; + m to be odd for one i = 1,2 then the 
contribution in the above sum vanishes. This is because /3„ is nonzero only for even values of ri, namely 2 
and 4. We now only have three cases to consider: fc = 4 , 2 and 0. 

1st Case: Let fc = 4. Then the connection coefficients force ai + 02 > 4. Also m > 2 and ai + m < 4 imply 
< Oi < 2 so the only possibility is (oi, 02) = (2, 2) and m = 2. We also have fSai+m = f3ai+7n = (ii= g. It 
is easy to see that the formula reduces to (5,94, 2, A' = 

2nd Case: Let fc = 2. Now the constraints ai + 02 > 2, m > 2, a,; + to < 4, > and 0^+7716 {2,4}, 
without which the contribution would vanish, imply that the only possibilities for the triple (ai,a2,TO) are 
(2,2,2), (2,0,2), (0,2,2) and (1,1,3). The second and third give the same contribution by symmetry. A 
quick computation shows that (2, 2, 2) contributes 



where we used the shorthand 



144i3-4[0]Co(O)52y r2 
/ F" = / d^xi d?X2 F(a;i - ^2)" 

J J(L-iA')2 



/(L-iA') 

Likewise (2, 0, 2) and (0, 2, 2) together contribute 

Finally, (1,1,3) contributes 
Hence 

<5;52,2,A' = Mg'^ + MgiJ- ■ 

3rd Case: Let fc = 0. Note that the connection coefficients also impose = fc > |ai — 02] and thus the 
restriction ai = 02. Considerations similar to those of the two previous cases show that the only possibilities 
for the triple (ai,a2,m) are (0,0,2), (0,0,4), (1,1,3) and (2,2,2). Again a quick computation shows that 
(0, 0, 2) contributes 
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The triple (0,0,4) contributes 
The triple (1,1,3) contributes 
Finally, the triple (2, 2, 2) contributes 

Hence, 

We now show that (5/33^3. a' and (5/?i.3^a' arc zero because the function R is even. First note that the 
formula ^ for the reduces to 

-Co(O)L-2[*1^ + 3Co(O)2l-4[0] J X X / d/ir(C) i?^'HC) • 



i2i:Vy . 



Qi = exp 

It is easy to see that a,; = if « is odd. Indeed, the Gaussian measure d/ir is centered and therefore one 
can change C into —( without changing the integral. However, for odd i we have R'^'H-C) = -R'^'HO for 
the i-th derivative of the even function R. Thus a.j ~ —ai and the stated vanishing property holds. Now 
the Mk,i in © are zero unless k and i have the same parity. Indeed, the /S;^ 's are nonzero only ii = A or 
2. This together with the constaint (|10|) imply the desired property. Therefore the <5/3a:,3.a',Ai and thus also 
the ^, vanish for fc = 1 and 3. 

Finally in order to complete the proof, all that is needed is to show that R' is an even function. First 
notice that Wick powers only involve lower or equal ordinary powers of the same parity. Since the inputs /3fc 
are zero for fc = 1 and 3, the Pa('/'i) are even functions of 0. The defining formula ([7]) for Ja',i\i{4>) reduces, 
in the present situation, to 

JA'Aii^) = { I dA^r(C) i?(0i +C)) - ■ -Co +5h.zA'Ai ■ 0' +'5/?o,3,A',a J x e'^-^i^^^) 



which is easily seen to be even thanks to the change of variable C — >■ — C and the hypothesis that the input 
R is even. Therefore the quantity denoted by in ij4.21 namely, d"^,'^\R){4>) is even. Clearly Va(0) is 
even which results in the invariance of pAifj^ij C) with respect to changing the sign of both and C- Hence 
also Pa(A, (/)i,C) has the same invariance property. Note that since the W^s are zero, Q vanishes and thus 
Ka{\,(I)i,Q ~ A'^i?((^i + C) has that invariance too. It follows using the change of variable C, ^ — C that 
-K'a'(A, ^) is even. Since <5Va'(A, 0) contains no : (f)^ :co nor : (f)^ -.Co it is even and as a result ivr^,(A, 0) is 
also even. Since the W have been shown to vanish, the function Q'^, also vanishes. As a consequence one 
can easily see that £,r,a'{V){—4>) = iR,A'i^)i^)- Finally, R'^, = -Ra(o) ~ ^' niust be an even function of 
the field <p. □ 

8. The infrared fixed point and local analysis of the bulk RG 

8.1. Preparation. In this section we make some choices related to the particular application of Theorem 
m which will be needed in the sequel. Note that by Lemma [6l the quantity Ai defined in Proposition [2] is 
given by 

Ai = X i—^ > . 

- 1 

If one ignores the ^4 term in the bulk RG evolution equation for the (p'^ coupling g then the fixed point 
equation becomes g = L'^g — Aig^. In addition to the trivial solution g = 0, this equation has another 
solution g = (L^ — 1)/Ai. This is the approximate value of the g coordinate of the nontrivial infrared RG 
fixed point. We will in the remainder of this article choose the calibrator defining the norms to be this 
approximate fixed point value, namely, we set 

- _ - I _ - 1 

Ai ~ 36L^(l-p-3) ■ 
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In other words, g = g■^, where has been defined in fJ31 Clearly, 

e 36(1 -p-3) 
when e — )■ with L fixed. This motivates making the choice 

logp 

' " 36(1 -p--^) + ^ 

when applying Theorem This ensures that when e is made small with L fixed, our choice of g will satisfy 
the requirement g € (0, Ag] in Theorem |4l We now also choose L, once and for all, so that 

(37) i3i?£i-'-'[^l < \ 

holds. Note that 3 — 5[0] = — | + |e. If wc add the harmless condition e < | which we now assume, then 
3 — 5[(/)] < — i. Now wc pick L large enough so that BfjcL~^ < \ and therefore ([57)1 holds. Note that, 
contrary to the other B quantities in Theorem 21 Brc is independent of L and indeed is a purely numerical 
constant. This fact is of course crucial to the previous considerations. The choices for the parameters 77, rjR 
as well as the exponents e in the definition of the Banach space norm of £ox in ^4.11 will be specified later. 
Once these choice are made, the only free parameter in the problem is the bifurcation parameter e. All the 
following results will be established in the regime when this e is made sufficiently small. 

We now apply Theorem |4] with the choices just mentioned and in concert with Proposition [2] to obtain 
that, provided e is small enough, the bulk RG transformation is well-defined and analytic on the domain 

\9-9\<\, \^Ji\<t-'' , |||i?||b<5'^-"« 

and therein satisfies 

Mg,^x,R)\ < Bi\\\R\\\g 
Mg,t^,R)\ < B2\\\R\\\g 
|||?fl(g,/i,i?)|||, < 

where Hl^C^^'^^IHg is the operator norm of the linear operator C^9,tJ-) (-^^ith respect to the R variable) corre- 
sponding to the norm ||| • |||g. Note that the statement on analyticity applies not only to the full map RG 
but also to the constituent pieces such as ^4, ^2, £,R a-nd C'^^'^^^R). 

In order to analyze the bulk RG transformation we slightly change our coordinate system from {g,^,R) 
to {5g, fjL, R) where Sg = g — g. In this new coordinate system, the bulk RG transformation, still denoted by 
RG for simplicity, becomes {Sg,^,R) 1 — > RG{5g, fi, R) ~ {5g' , ^' , R') with 

Sg - {2~L-)Sg + US9,^^,R) 

3-|-e ~ 

^' = L—n + £,2{Sg,fJ.,R) 
R' = 3^9''''^<^^'^ +iR{Sg,n,R) 

where 

i4{Sg,fi,R) = -Ai5g^ +£_4{g + 5g,fi,R) 

|2(^ff,M,-R) - ~A2ig + Sg)~ A3{g + 6g)^l + ^2ig + Sg,^i,R) 

iR{dg,n,R) = ^R{g + 6g,n,R) 

as follows from an easy computation using the relation Aig = — 1. We will commit a similar abuse of 
notation for the function 5b. Namely, we will write Sb{dg, fi, R) for what in fact is Sb(g + Sg, n, R). Note that 
the norm we will use on such elements v = {Sg, fi,R) £ £ is the one induced by the norm of the larger space 
£cx defined in i j4.11 namely, 

\\v\\=max{\Sg\g-'\\fi\g-'M\\R\\\sr'''} ■ 
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We will assume the following constraints on the exponents defining the norms as well as the parameters 



77 and r]R: 










(38) 




64 


> 
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(39) 




62 
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1-7/ 


(40) 




SR 
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11 

-J-VR 


(41) 






> 


64 + 1 


(42) 


11 


- 3rj 
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sr 


(43) 




62 


< 
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The following lemma provides Lipschitz estimates that will be needed in the sequel. 

Lemma 57. For e small enough we have for all v ~ {Sg,fi,R), v' ~ {6g' , fi' , R') in £ such that \\v\\, 
\\v'\\<h 

1^4 (g + 5g, /i, R) - Ug + V, A^', ^')l < 2i?4r" ||« - ^''ll , 
\U9 + 5g,ii,R)-U9 + 59\l^'.I^)\<'^B2r^\\v-v'\\ , 

|||£(9+59.M)(^) _ < ^g^'^Wv - v' \\ 

and 

mR{g + 5g,^i,R) - ^R{g + 5g' ,R')\\\g l^WRCg'^-^'^Wv - v'W . 
Proof: If ||w|| < i, then since g < 1 for e small and because of and PO]) . we have 

\59\ < < \-9 



2 y - 2,i 

Iff ^ 

Hence, by Theorem 2] 

1 

2" 

Therefore the analytic map v 1— > ^4(5 + Sg,fi,R) satisfies the hypotheses of Lemma [T] with ti ~ and 
r2 = }^Bng^^. We pick v = j which results in 



iMi < tr^ < ^5'-" 



|e4(ff + <55,Ai,i?)| < B^\\\R\\\g < -Bif^ 



'■'^'-''^ -b.-9- 



ri(l-2i/) 2 

With these choices, Lemma [T] implies the desired Lipschitz estimate where we replaced the numerical factor 
I by 2 for a simpler looking formula. The proof of the Lipschitz estimate for ^2 is exactly the same apart 
from changing ^4, B4 to ^2, B2 respectively. 

We now do the same for the analytic map v i-> £(^+''^''')(i?). For ||-y|| < i = ri we obtain, as before from 
Theorem |4] and from the choice we made when fixing L, 

|||£(ff+^ff.M)(^)|||_< l|||i?|||_< l||„||^eH 

with r2 = jfj'^"- Lemma [1] with v ~ ^ now immediately implies the wanted estimate. Remark that we do 
not bound the numerical factor | by the nearest integer here since it is important that this factor be less 
than 1. 

Finally, for we again note that | It'll < ^ = t"! implies 

mR{g + 5g.^i,R)\\\g<r2 

with r2 = Bj^^g^~^. Again, Lemma[T]with i' = \ docs the rest. □ 
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8.2. The local stable manifold. In order to construct the nontrivial infrared fixed point we first construct 
its local stable manifold, then show that the RG transformation is contractive on it and finally obtain the fixed 
point using the Banach Fixed Point Theorem. We now proceed with the first step which is the construction 
of the stable manifold also using the Banach Fixed Point Theorem in a space of one-sided sequences, in the 
spirit of Irwin's method [S^ . Let B+ be the Banach space of sequences 

u = i^io, /ii, {Sg2, /i2, i?2), . . .) e C X [] [C^ X C^^^,,{m, C)] 

n>l 

which have finite norm given by 

\\u\\ = siipilSg.lg-"' for j > 1; Ifi^lr"' for j > 0; for j > l} . 

We will define a map m on this space of sequences which depends on parameters 6 go, Ra serving as boundary 
conditions. Given 6 go and Rq, the image u' = m{u) is defined as follows. For n > 1, we let 

n-l 

Sg'^ = (2 - LTSgo + - LT~'~'US9j,H^Rj) 

3=0 

and 



n— 1 



3=0 



For n > 0, we let 



3=n 

Given a sufficiently small p > we now show that this map is well defined and analytic on the open ball 
-6(0, p) G S+ in the regime of small e (made small after fixing p). 

Proposition 3. If < p < j^, \dgo\ < ^3*^* o,i^d |||i?o|||g < fs*^^ then the map m is well defined, analytic 
on B{0,p) and takes its values in the closed ball B{0, j), provided e is made sufficiently small after fixing p. 
Moreover, m is jointly analytic in u and the implicit variables Sgo and Rq . 

Proof: Recall the choice of constraints ([55)1 . (|39p . (PO]) . Their purpose is to ensure that the hypothesis 
IImII < p guarantees that all triples (5gj, p,j, Rj) featuring in the definition of m{u) are in the domain of 
definition and analyticity of C and the ^ specified in Theorem Indeed, since e which controls the size of g 
will be made small, one may assume g <1 and thus g^'^ < g, g'^^ < g^~^ and g^"^ < g~~^'^. Note that for 
e > small we have < 2 — L*^ < 1. Hence for all n > 1, 

n-l 

1^1 < {2-LT\5go\ + Y.^2-LT''''M593.l^3^R3)\ ■ 

3=0 

From the definition of ^4, the hypothesis and the bounds provided by Theorem |3] we have 

\U^gj,Pj,R,)\ < Ai\dgj\^ + MS + ^g,, l^j, Rj)\ < A.p^f^'+B^pg^'^ 
and consequently, using (2 — L')" < 1 for the first term, 

n-l 

g-''\Sg'\ < (2 - LT\Sgo\g-'' + E(2 - LT^'^' [AipY' + B^pf-'^-] 

3=0 

< \Sgo\-g-'' + [A.p'r^ + B^pf---^] x 

< \Sgo\g-'' + [Aip^r^ + B^pr''-'--] X 

< \590\g-''' + p'r'-^ + A-^Bipr^'----^ 
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where in the last hne we invoqucd the relation L'^ — 1 = Aig. From the hypothesis on Sgo we then have 
Using g < 1, 64 > 1 and p < we get 

We have linie^o ^1 36(1 - p~^)l, with I > 1. Since e will be made as small as necessary we may assume, 
e.g., Ai^min < ^1 < ^i.max whcrc Ai^,„i„ = 35{l - p^^)l and Ai^^ax = 37(1 - p^^)l. Then 



r'''\sg'\ < ^ + p^r'^' + A^'B.pr--'^--' 



for e or equivalcntly g small enough because of the requirement (j4ip . As a result 5 '^*|'5.<7'| < 4. 



12 

£ 
4 • 

We now bound R'^ using the property that the operator norms of the C is at most i . Indeed, from 
bound provided by Theorem |4l 

n-l 

< 2-"|||i?o|lb + 5]2-("-i-^")i?H?.9'^-3'' 

and therefore, bounding 2~" simply by 1, 

r'"llKlllg < 5"'«|||i?o|lb + ZSij^gT-S'y-eH _ 
Now by hypothesis 5~'^^|||^o|||g < f and from we see that 

when e is small enough. Thus we also get < f . 

Finally, we bound p'^ noting that 

00 

But we have, using \6gj \ < \g and the bound from Theorem [H 

\l^{5g,,p,,R,)\ < \A2\^f + +\As\^g x pg'' + B^pg^'' ■ 
Bounding L v 2 j by L 2 we immediately obtain 



1 — L 2 

However, from the definition of A2, we have 



\\A2\f-'^^++\\A^\p-g + B2pr''~'^ 



IA2I < 4i*||r|U3 + i44L^Co(o)||r|U2 

< [4L2||r||ioc + 144L' X 2] X ||r||i2 

< [4L2||r||L- + 144L' X 2] X ^L-'-Ai 

^ ^2, max 

with 

^2.max = 2 X [4 + 144] X — X ^i,max ■ 

36 

Note that wc used our previous bounds on Co(0) and ||r||Loo by 2 as well as < e < 1 in order to eliminate 
e from the exponents of L. We also have from the definition of ^3 that 

,max 

with ^ 

^3, max = 12L^ X — X max ■ 

36 
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We now get 



<P- 



1 - L-2 

for e small because 62 < 2 < as follows from (|38p . (|1T|) and 

When showing the absolute convergence of the series for the p!^ we proved that the map m is well defined. 
Analyticity follows easily from uniform absolute convergence. The previous estimates show that ||u|| < p 
implies ||m(u)|| < |. □ 

Using Lemma [I] with ri = p. r2 = f and = ^ so that 

r2{l-i^) ^ 1 

we immediately see that, under the hypotheses of Proposition [3l the closed ball B ^0, |^ is stable by m and 
is a contraction. More precisely, for any ui and U2 in that ball, we have 

||m(iti) - m(u2)|| < - U2II • 

By the Banach Fixed Point Theorem we then have the existence of a unique fixed point denoted by for 
the map m in the ball B {q,^. Using the representation of this fixed point as 



00 



[m"+i(0)-m"(0) 



u* — / 

n=0 

and by uniform absolute convergence, it is easy to see that u* is analytic in the implicit data {6go,Ro)- 
In particular the po component of the sequence which we will denote by ps{dgo, Ro) is analytic on the 
domain given by \Sgo\ < ^5*^" and |||-Ro|||g < ^9'^" ■ 

We will now show that, for elements v = {dg, p, R) G the equation p = Ps{Sg, R) characterizes those on 
the stable manifold of the sought for fixed point. We now define a set W^'^°^ which will be our candidate for 
this local stable manifold. It will be defined in terms the radius p which is supposed to satisfy the hypothesis 
of Proposition [3] We let 

W^''°^^{i6g,p,R)e£\ \Sg\ < ^g^M||i?|||, < , ^^ ^ p^Sg, R)} . 

We will also need the subset 

W^^°'={i5g,p,R)e£\ \Sg\ < ^5^M||i?|||, < ^.f" , M = Msl'J.g, i?)} • 

Proposition 4. For fixed p e (0, -p^) and for e small enough, an equivalent description of W^'^""^ is as the 
set of triples {6g, p,R) ^ £ that satisfy all of the following properties: 

• 15.91 < 

• iiii?iii§< 

• there exists a sequence {Sgm Pm Rn)n>o in £ such that Sgo = 5g, po = p, Rq = R, Vn > 1, 
\Sgn\ < fr' and \\\Rn\\\-g < fr^, Vn > 0, \pn\ < frS and'yn > 0, {Sg^+u Pn+i, Rn+i) = 

RG{5gn, Pn,Rn)- 

Proof: Suppose {Sg,p,R) £ W^'^°^ . We let Sgo = 5g and Rq = R and consider the fixed point for the 
map m associated to the data {6go,Ro) given by Proposition [3] This makes sense since is smaller than 
and |. Since 

u* = ipo,iSgi,pi,Ri),{Sg2,P2,R2),- ■ ■) e B (^0, £ 

the {dgn, Pn, Rn), 'T- ^ 0, are well-defined, belong to the domain of definition of the map RG and satisfy the 
wanted bounds. We just need to check that this sequence forms a trajectory for RG. From = Tn(u*) we 
get, for all n > 1, 

n-l 

(44) 5gn = (2 - LTSgo + ^ LT''-' USQj, l^j, Rj) • 

3=0 
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If n = 1, reduces to the wanted equation, namely, 

5gi = (2 - L')(5.go + Ui^go, Mo, Ra) ■ 

If n > 2, (l44l) can be rewritten as 

)i-2 



(S5„ = (2 - L') 



£,4 {Sgn- l,l^n-l, Rn- 1 ) 



= (2 - L'')Sgn-l + ii{5gn-l, t^n-l,Rn-l) 

by (j44p for n — \ instead of n. Likewise, the R projections of the sequence fixed point equation — m{u^) 
imply by similar manipulations that, for all n > 1, 

Now for the //'s we first write, for all n > 0, 

oo 

(45) M« = - E L-^'-''+'^^'^)U^g,,^l,,R,) 

as results from = m{u^,). Hence 

oo 



j=n+l 



by (|45p for n + 1 instead of n. Thus 

Mn+l = L~^^n + ifj.{Sgn, ^in, Rn) ■ 

We therefore proved that for all n > 0, ((Jgn+i, i?„+i) = RG{Sgn, fJ-n, Rn) and consequently all the 
requirements in the statement of the proposition are satisfied. 

We now prove the converse and assume that {Sg, /x, R) satisfies the listed properties. We then define u 
using the given RG trajectory (Sgn, fJ-n, Rn)n>o, simply by setting 

w = il^i-o, {Sgi, Ri), {6g2, H2, R2), ■ ■ ■) ■ 

By hypothesis, one clearly has w G i? ^0, 1^ For any n > 1, we have 

^gn = (2 - L'')6gn-l + £,4:{Sgn-l, IJ-n-l, Rn-l) ■ 

We apply this to n — 1 instead of n and substitute in the first term of the previous equation only. We do the 
same for ri — 2 in the resuting equation and continue this backwards iteration. This immediately establishes 
(|44p. The same argument also shows the R parts of the sequence fixed point equation. As for the /i's, we 
have for all n > 

= L~fln + £ti{Sgn, /in, 

which can be rewritten as 

fin = + + L~(^)i2{Sgn,fJ'n, Rn) ■ 

We apply this to n + 1 instead of n and substitute in the first term of the previous equation. Iterating this 
procedure forward k times we get 

n+k-l 

Since by hypothesis the Hj's are bounded by fg*^^, 

hm L-''(^)fin+k = 
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and the fi part of the sequence fixed point equation holds. We therefore proved u = m(u). By the uniqueness 
part of the Banach Fixed Point Theorem, u and are equal and therefore so are their components. 
Given the previous definition, this establishes /j, = /.isiSg,R) and finally {6g,fj.,R) G as wanted. □ 

Proposition 5. For fixed p e (0, j^) ^''^d for e small enough, W^''^°^ is stable by RG. In fact one has the 
stronger statement RG (W''^^°'') C W^'^i°^ 

Proof: We use the characterization provided by Proposition |4] both ways. Let {5g,fi,R) e W^'^°'^ and let 
{5gn, fin, Rn)n>o be the trajectory provided by Proposition |4] such that {Sgo, poi Ro) — {5g,lji,R)- We will 
apply the reverse direction of Proposition|4]to (Jgi, /^i, together with {5gn+i, tin+i, Rn+i)n>o, the shifted 
trajectory, in order to show {dgi, pi, Ri) = RG{Sg, /i, R) S W^'^°'^. All we need is to show the more restrictive 
inequalities \Sgi\ < j^g'^'^ and < i^g'^'^- In fact we will prove the stronger estimates \5gi\ < j^g"^^ 

and lll-Rilllg < i^g'^'^ which will show {6gi, ^i, Ri) belongs to Wj^J"'^ by definition of the latter. 
From 

Ri = C^'<''''^«\Ro) + iB.iSgo,l^o,Ro) 

we get 

< l\\\Ro\\\-g + BR^g'^-^'i . 

Hence 



when e and therefore g are small enough, because of the hypothesis (|42p . 
From 

(5.91 = (2 - L^)Sgo + U{Sgo, no, Rq) , 

i.e., 

Sgi = (2 - L^)6go - AiSgl + Uifj + Sgo, A^o, ^o) , 

we obtain, using Ai > 0, 

\6gi\ = (2 - L')\Sgo\ + Ai\Sgo\^ + + Sgo, Mo, i?o)| 
< (2 - L^) ) + Ar (^rf + X i^,- . 



with 

y n ^2 p 



Using the relation Aig = — 1, we have 



^T^ej + l , a( ^2ei , R, ^ JLt^&R 



n = -Ai^r^+' + ^1 — r'" +BiX ^g 



From (1551) we have q^'^* < g^'*^^ and therefore 

13y 



" S g 

< -^.^r- + A, + B,±f ^ ^r-' [-A, (1 - ii) + B,i 

Since Ai > ^i.min defined in the proof or Proposition [3] and since p < 75 have 
As a result 



156 



Because of the assumption (P5| we have 

156 

for e small enough and thus \Sgi \ < ^.g*^* as desired. □ 
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8.3. A dichotomy lemma. We now prove an important lemma which gives quantitative growth or decay 
estimates which provide a separation between expanding and contracting directions. We first introduce some 
notation. Clearly £ = £i (B £2 where 

£1 = {(Sg,0,R)\Sg eC,Re C^^^^,{R,C)} 

and 

f2 = {(0,M,0)|/i€C} . 

Wc denote by vi and V2 the pieces of the unique decomposition w = tii + of an element v Cz £. Note 
that wc will commit a slight abuse of notation by writing vi = {dg,R) and V2 = fJ- if v = {6g,fi,R) or, in 
other words, by making use of the identifications £1 ~ C x Cj^jj,^(R,C) and £2 — C as Banach spaces. In 
particular the norms we will be using all come from that of £ and thus ultimately from that of £ox in ^4.11 
For example, following up on the previous set-up we have 

\\v^\\=me.x[\Sg\g-'\\\\R\\y-'-] and \\v2\\ = \^l\g-'' . 

Finally if v is in the domain of definition for the map RG we write RGi{v) ~ [RG{v)]i and RG2{v) = [RG{v)]2 
for better readability Our dichotomy lemma, in the spirit of (49[ Lemma 2.2] is the following result. 

Lemma 58. There exists eg > and functions ci(e), C2(e), C3(e), C4(e), on (0, eq) which satisfy < ci(e) < 1, 
> C2(e) > 1, 2L2 > C3(e) > and < Ci{e) < 1 (in fact lime_j.o C4(e) = 0) on that interval such that 
for all V, v' e _B (0, ^) <Z £ the following statements hold: 

(1) unconditionally, ||i?Gi(f ) — i?Gi(w')|| < Ci(e)||u — 

(2) ifLi\\v2-v'^\\ > \\vi-v[\\ then \\RG2{v) ~ RG2W)\\ > C2{e)\\v - v'\\; 

(3) unconditionally, \\RG2{v) - RG2{v')\\ < C3(e)||u - v'\\; 

(4) unconditionally, 

\\RG2{v)~RG2iv')~L^{v2-v'^)\\ < Ci{e)\\v - v' \\ . 
More explicitly, the c(e) functions are given by the formulas 



ci(e) 



1 - liL' - 1) + 2Bif --^\ ^ + SBn^g't-'^-^- 



C3(e) = + ^A2,m..r'''' + ' + ^^3.„ax.9 + 2523^""^^ 

C4(e) = ^A2,n.axg^*-'=^+' + ^A^.m^^g + 232^"-'' ■ 

Proof: Since | < 5, 5 < 1 for e small, and because of ((38|) . (|39p and (|40|) . v and v' arc in the domain of 
definition of RG as provided by Theorem S) Let v = {Sg,fi,R), v' = {6g' , fi' , R'), RG{v) ~ {5g,fl,R) and 
RG{v') = {Sg , /t', R'). From the formulas defining the bulk RG transformation we have 

fg - fg = (2 - L')i6g ~ Sg') ~ {5g^ ~ Sg'^) + + Sg, R) ~ + 5g\ A^', R') 

and thus 

\5g - 5g\ < (2 - L^)\5g - 5g'\ + A^\5g - 5g'\{\5g\ + \5g'\) + 1^4(5 + 5g,^i,R) - U~9 + V, m', ^')I ■ 
Using Lemma [57] we therefore obtain 

\5g-5g\ < {2 - L')\Sg ~ Sg'\ + Ai\Sg - Sg'\ x 2 x ^f'^ + 2Bir''\\v - v'\\ . 
By definition of the norm on £ we then get 

g-^'lS^g - 6g\ <\\v- v'W x 1^2 ~ L' + ^^if' + 2B4.g'"~"' 
1-{L'- 1) (1 - 7,9"""M + 254,9""""" 



where we used Aig = — \. Also using ([55)) we get the simpler bound 

g~''^\59~5g \ < \\v~v'\\ x |l - ^(L^ - 1) + 2B45''"~'=-'| . 
We now turn to the R components and deduce from formulas for the bulk RG and Lemma [57] that 

|||i? ~ < - + 11^ 

< + SSfi^g^-^"^ \\v-v'\\. 

This together with the previous estimate on the dg part and the definition of the || • || on £i immediately 
implies Part 1) of the lemma with the given ci(e). What remains is to show that this quantity is in the 
interval (0, 1) for e sufficiently small. Note that g is of the same order as e in this regime. Therefore 
i*^ — 1 ^ elogL as well as the assumptions ([41]) and ([42]) ensure that ci(e) has the wanted property. 
We now tackle Part 2) and assume ||w2 ^ 1^2!! ll'^i ~ ^'ill- For the formulas for RG we get 

n-r^' ^L'^ifi- - A2 [{g + 5gf - {g + 5gf] 

(46) - ^3 [(5 + 5g)^Ji - {g + 5g')ti'] + + <5.g, A^, R) - 6(.9 + 5g' , /i', R') 

and therefore 

[il ~ /i'l > Im - m'I - ^2,max|<S5 - 5g'm + 1^51 + I VI) 

-^3,max 1(5 + 5g)ti -{g + Sg')fj.'\ - Mg + Sg, fi,R) - 6(5 + Sg',n', R')\ 

where A2,max and As^max have been defined in the proof of Proposition [3] We use ([38]) and the hypothesis 
on V and v' in order to write 

2.9 +\Sg\ + \Sg'\ <2g + r'\\v\\+r'\\v'\\<9X 



1 1 

2+8 + 8 



We also have, for the same reasons, 

\{g + 6g)n-ig + 6g')fi'\ = \g{fi - fi') + ^g{^i - ^i') + {Sg - dg')fi'\ 

< gxg'^\\v-v'\\+f^\\v\\ X f^\\v-v'\\+f^\\v~v'\\ x g'^^-Wv] 

< g^+^^\\v~v'\\x 



, 1 1 

IH h - 

8 8 



The last ingredients are the use of the ^2 Lispchitz estimate in Lemma [571 and the simplification L^i > . 
Altogether, this gives 

\\RG2{v) - RG2{v')\\ = -g-'- - A^'l > ^^9-621^^ - /^'| - \A^.n..^f+-'-''\\v - v'\\ 

(47) -^A3,n,ax.9lk-f'll"2S2r^~^^||?;-w'|| . 

From the hypothesis L3||ti2 — t'2ll — ll"*^! ^ ^ill S^^ 

= max[||t)i - will, ||'y2 - f2ll] < L~^\\v2 - v'^W = i3^-«2|^ _ ^/| _ 

Therefore, losing a fraction L'i of the initial hi factor, ([47]) implies Part 2) of the lemma with the given 
function C2(e). From ([38|) and ([43]) which also imply 1 + 64 — 62 > we see that 62(6) — > > 1 when e — > 
as wanted. 

For Part 3) we use ([46[) to write 

1/2 - /2'| < l^i - ^Ji'\ + A2,max|<S5 - Vl(2.9 + \59\ + |VI) 

+A3,max 1(5 + 5g)^l - (5 + 5g')^l'\ + |6(5 + -^5, M, R) - 6(5 + 5g' , m', ■ 
Then the same bounds as before on the last three terms give 

\\RG2{v) - RG2{v')\\ = g-^^lM - m'| < ^^.9-62!^ - m'I + \A2^r...t+''"^\\v - v'\\ 
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+ ^A3,n.ax.9||t' -V\\+ 2B2f^-''\\v - v' \\ . 

Since g~^'^\^ ^ A^'l ^ 11'^'^ ^'11 holds by definition of the norm, the estimate in Part 3) follows. The bounds 
on C3(e) in the small e regime are also immediate. 

For Part 4), starting from p6)) we transfer — /i') to the left-hand side and use the same bounds to 

arrive at 



Q 5 



X u - 



which is the desired result. □ 
8.4. The infrared RG fixed point. 

Lemma 59. If v ^ v' belong to W^'^""^ then \\vi — will > ^^1^2 ^ ^^2ll- 

Proof: Note that by the prevailing assumptions we have P < j2 < ^ thus Lemma [58l is applicable to all 
elements of 1^^'°'= and their RG iterates by stability of that set. We proceed by contradiction and suppose 
that ||fi — fill < ||i'2 — 1^211- Then by Lemma [58] Part 1) and 2) 

\\RG,{v) - RG,{v')\\ < ci{e)\\v - v'\\ < ci{e)c2{e)-'\\RG2{v) ~ RG2{v')\\ . 
From the bounds we have on ci(e) and C2(e) we trivially get ci(e)c2(e)^^ < and therefore 

\\RGi{v) - RGiiv')\\ < Li\\RG2iv) ~ RG2iv')\\ , 

i.e., the first iterates RG{v) and RG{v') satisfy the same hypothesis as v and v' . By an easy induction we 
then have 

Vn > 0, WRG^v) - i?Gi (w')ll < L-^\\RG2{v) - -RG^K)II 
for the higher iterates where i?G"(-) means (i?G"(-))i and likewise for the second components. By Lemma 
[35] Part 2) we obtain, for all n > 0, 

\\RG-2'^\v) - RG'^+\v')\\ > c2{e)\\RG"{v) ~ RG"iv')\\ > C2ie)\\RG^{v) - RG^{v')\\ . 

Again by a trivial induction we get, for all n > 0, 

||i?G^'(«)-i?Gi'K)ll>C2(e)"||^^2-^;ill . 

But C2(e) > 1, so if 11^2 — f2l I > we have 

lim ||i?G^(w)-i?G^(w')ll =oo 

n^oo 

which contradicts the stability and boundedness of the set W^'^°'^. Therefore ||w2 — W2II = which also entails 
Iki ~ ^ill = by the assumtion made at the beginning of this proof. This therefore leads to v = v' which is 
the desired contradition. □ 

Lemma 60. For all v,v' e W'^^°'' we have \\RG{v) - i?G(w')ll < ci(e)||w - -y'||. 

Proof: By the previous lemma and the stability of W^'^°'^ we have 

||i?G2(w)-i?G2(w')|| <i'^l|i?Gi(w)-i?GiK)ll < ||i?Gi(w)-i?Gi(v')|| 

and therefore 

||i?G(z;) - i?GK)|| = ||i?Gi(i.) - i?GiK)|| ■ 
As a result, the desired conclusion follows from Lemma [551 Part 1). □ 

Proposition 6. The map RG is a contraction when restricted to W^'^°'^ and thus has a unique fixed point 
w* = ((Jg*, /i* , i?*) in that set. In fact belongs to the smaller set Wj^J°'^. 

Proof: Note that W^'^°'^ is a closed subset of the Banach space £. Indeed, /ig is analytic and thus continuous 
on an open domain containing that given by the condition ||((5.g, i?)|| < Since W^'^""^ is therefore a 
complete metric space for the distance coming from the || • || norm, and since RG restricted to this set is 
a contraction as follows form Lemma [501 and ci(e) < 1, the Banach Fixed Point Theorem establishes the 
present lemma. The fixed point is in W^'J^i°'^ since is its own image by application of the stronger conclusion 
of Proposition [58] □ 
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8.5. The unstable manifold. We now construct the local unstable manifold following a procedure similar 
to that of ^8.21 Let B- be the Banach space of sequences 

«=(..., (<5.g_2,/i-2,i?-2),(<55-i,M-i,^-i), -^50, i?o)e J] [C' x Cb\,,(R, C)] x C x CbV,,(R, C) 

n<-l 

which have finite norm given by 

I lull - sup {|%|g-^* for j < 0; |m,|5""^ for j < -1; |||i?,|||.g-'« for j < 0} . 

We will define a map n on this space of sequences which depends on the parameter fiQ serving as boundary 
conditions. Given /ig, the image u' = n{u) is defined as follows. For n < 0, we let 

j<n-l 

and 

3<n-l 

For n < —1, we let 

Given a sufficiently small p' > we will show that this map is well defined and analytic on the open ball 
B{Q,p') G B- in the regime of small e (made small after fixing p'). 

Proposition 7. IfO < p' < \, \po\ < §-.9"^^ then the map n is well defined, analytic on B{0,p') and takes its 

values in the closed ball -6(0, provided e is made sufficiently small after fixing p' . Moreover, n is jointly 
analytic in u and the implicit variable /ig . 

Proof: Again the choice of constraints ([38]), (|39l). pO]) and the hypothesis ||u|| < p' < j guarantees that 
all triples (5gj, pj, Rj) featuring in the definition of n(u) are in the domain of definition and analyticity of C 
and the ^ coming from Theorem 
Hence for all n < 0, 

n-l 

\6g'\< {2-LT-'-'MS9j,l^„Rj)\ • 

j<n-l 



As in the proof of Proposition [3] 
and consequently. 



^\5g'\ < Y C^-LT'' 

j<n-l 

1 



Aip'^g'^' + Bip'r''-'' 



< 



< 



[A.p'^r' + B^p'r 
Aip'^r^ + B^p'r 



X 



- 1 
1 

X -— 

Aig 



< p'' + A-^^,^B,p'r"-'^-' 

where we used the relation U — l ~ Aig and later the simple bound .g*^*"^ < 1 due to ([55]) . The hypothesis on 
p' implies p'^ < ^ whereas (|1T|) ensures that A^l^^^B^p' g'^'^~'^'^^^ < ^ for e small. Therefore, the previous 

estimates show that the series defining 6g' converges and that the latter satisfies the bound g'^'^'^\5g'\ < ^ 
in the small e regime. 

We now bound using the property that the operator norms of the C is at most i. Indeed, similarly 
to the proof of Proposition [31 

IIIKIIIg < J2 2-("-i--'')i?HCff'^-3') ^ 2Bfl5gT-3r; . 

j<n-l 
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Hence 



for e small because of p2|) . We also showed by the same token the convergence in the Banach space S of the 
series defining R'^. 

Finally, we bound fi'^^ as in the proof of Proposition |3] by writing 



9 , _2 



j=n 

Using the simple bound L"(~2-) < since n < — 1, as well as 

j=n 

we obtain 



B2Pr 



L 2 



1 - L-§ 



2,max5 



2-e2 



r^a^maxp'g + B2p'g' 



The first term is bounded by ^ by hypothesis. Besides, the second also satisfies the same bound when e is 

small enough because of 62 < 2 < e/j which follows from (|38l). (|4ip and (|43| . Hence < ^• 

Again, when showing the uniform absolute convergence of the series for the Sg'^^ and i?^ we proved that 

the map n is well defined, analytic and satisfies the bound ||n(M)|| < ^ when < p' . □ 
Again using Lemma [1] with ri = p', r2 = ^ and ;^ = i so that 

r2(l - ly) _ 1 
ri(l -~2v)^ 2 

we see that, under the hypotheses of Proposition[71 the closed ball B (^6,^^ is stable by n and is a contraction. 
More precisely, for any ui and U2 in that ball, we have 

||n(ui) - n(u2)|| < ^\\ui " U2II . 

By the Banach Fixed Point Theorem we have the existence of a unique fixed point which we again denote 
by ft* for the map n in the ball B ^0, y ^ . Using the representation of this fixed point as 

00 

u* = Y^ [n"+\0) - n"(0)' 

n=0 

and by uniform absulote convergence, we see that is analytic in the implicit data pq. In particular the 
Sgo, Rq components of the sequence u* which we will denote by dgn{no), i?u(Mo) respectively are analytic on 
the domain given by |/io| < ^g^^- 

As in section H8.21 the next step will be to show that, for elements v = {dg,iJ.,R) £ £, the equation 
{Sg,R) = {6gu{p),Ru{p)) characterizes those on the unstable manifold of the bulk RG fixed point w*. We 
now define a set 14^"''°'= which will be our candidate for this local unstable manifold. It will be defined in 
terms the radius p' which is supposed to satisfy the hypothesis of Proposition [71 We let 



W 



u,loc 



{Sg,p,R) e £| \p\ < ^r\Sg = 6g^{p),R^ R,,{p) 



Proposition 8. For fixed p' G (0, i] and for e small enough, an equivalent description of 1^"''°"^ is as the 
set of triples {5g, /i, i?) G £ that satisfy all of the following properties: 



iMi<ir% 
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• there exists a sequence {Sgn, fJ-m Rn)n<o in £ such that Sga = dg, /io = fi, Rq ~ R, Vn < 0, 
\5gn\ < ^g"" and |||i?„|||g < ^-g""^, Vn < -1, |jU„| < ^-g"^, and'in < -1, ((5g„+i, /i„+i, i?„+i) = 
RG{5g 

Proof: Suppose {5g, ^, R) S We let = M a-nd consider the fixed point u» for the map n associated 

to the data /io given by Proposition [T] We write 

■"* = (•••, {Sg-2, /i-2, R-2), {Sg-i,fi-i,R-i), 6go, Rq) G B ^0, y ^ , 

and note that the {Sgm fJ-n, Rn), n < —1, are weh-defined, belong to the domain of definition of the map RG 
and satisfy the wanted bounds. We need to check that this sequence, also including the n = term, forms 
a trajectory for RG. Form = n(-u*) we get, for all n < —1, 



2 'tJ-n+i2iSgn,fin,Rn) = L 



L<'^)^J.,-Y,L~^'-^'^i'^)U^g,,^,,,R,) 



£.2{Sgn, Mm Rn) 



= l("+i)(^)mo- E L-^'-'^'-i'H2iS9,,f.„R,). 

j=n+l 

The last quantity is equal to ii„+i if n < —2 by the fixed point equation for the sequence u*. Otherwise if 
n = — 1 the same quantity reduces to /io — /in+i because the sum is empty. 
Likewise and still for 77, < —1 we have 



(2 - L')Sgn + USgn, Rn) = (2 - L') 



J2 {2-LT-'-'U5gj,tJ^,.R,) 

j<n-l 



^4(6 gn, /in, Rn 



= ^(2 - LT''USgi,l^j,R3) = &9n+l ■ 
j<n 

Similary, the R projections of the sequence fixed point equation — n(it*) imply by analogous manipulations 
that, for all n < —1, 

CiS9^,f^'^)(R^) +^J^{6gn,^ln,Rn) = Rn+1 ■ 

We therefore proved that for all n < —1, ((5(/„+i, /i„+i, i?„+i) = RG(5gm HmRn) and consequently all the 
requirements in the statement of the proposition are satisfied. 

We now prove the converse and assume that {dg,fi,R) satisfies the listed properties. We then define u 
using the given RG trajectory ((5.g,i, /i,i, i?,i)„<o, simply by setting 

u = {. . . , {6g-2, f^~2, R~2), {Sg^i, fi^i, R-^i),Sga, Ro) . 
By hypothesis, we clearly have u G B ^0, y ^ . For any n < 0, we have 

^9n = (2 - L'')6g„-i + ^4 ((5.9,1-1, /in- 1, i?„-i) . 

We apply this to n — 1 instead of n and substitute in the first term of the previous equation only. We do 
the same for n — 2 in the resulting equation and continue this backwards iteration. We thus obtain for any 
fc > 1, 

n-l 

<5.g„ = (2 - L')'Sgn.k + E - LT''-' U^g,, R,) ■ 

j=n-k 

But < 2 — L' < 1 and the sequence of 6g^s is bounded and therefore (2 — L'^)^5gn^k when fc — > 00. 
Hence 

5g„- E {2-LT-^-'U59j,H^Ri) ■ 

j<n-l 

A similar argument for the i?'s gives for all n < and all fc > 1 

Tl-l 

j—n—k 
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However, 



3" 



and thus this boundary term disappears when k ^ oo and we then get 

j<n-l 

As for the /Lt's, we have for aU n < —1 

= L~ fin + ifii^Qm Mn, Rn) 

or equivalently 

^J'n = -L"("5"),U«+1 + L^^^H2{Sgn,fJ-n, Rn) ■ 

Provided n+l < —1, we apply this to ti + 1 instead of n and substitute in the first of the previous equation. 
Iterating this procedure forward until one hits the boundary term fiQ gives 

-1 

j=n 

We therefore proved u = n(u). By the uniqueness part of the Banach Fixed Point Theorem, u and are 

equal and therefore so are their Sgo and i?o components. This establishes (Sg,R) = {Sgu{^^)^ Ruil-t)) and 

finally {Sg, fi, R) € as wanted. □ 

Lemma 61. Provided p and p' are chosen so that p < |p', we have G T^^^'io'^ as well as the equations 

p.^ = Ps{Sg*,R*) , (55* <55u(m*) . R* = Ruip*) ■ 

Proof: From w* € W^'^°'^ we get 

(48) |<55*| < , < ,\\\R*\\\s< • 

We also know that RG{v^,) = w*. Define {Sgn, p-m Rn) ~ f^* for all n < 0. Since this is an RG trajectory, all 
we need in order to prove w* = {Sq, po, Rq) G W^'^°'^ via Lemma H] are the inequalities 

The latter easily follow from (|48| and the hypothesis p < Finally the three equations satisfied by are 
tautological. □ 

Lemma 62. If v ^ v' belong to then \\v2 — V2\ \ > \\vi ~ v[\\ . 

Proof: By Proposition |8] there exists sequences (wn)ri<o and (wJJn<o in £ such that wq = w, Wq = v' , 
Wn+i = RG{wn), w'^+i = -RG'(w'j) for all n < — 1 and such that the inequalities in Proposition [5] hold for 
both sequences. The latter imply that the corresponding points all arc in the domain of application of Lemma 
[58] because y < p' < | by assumption. For all n < 0, u ^ v' can be rewritten i?G(-")(u;„) 7^ i?G(-")«) 
and thus w„ 7^ w'^. We proceed by contradiction and suppose | li^i — 1 1 > | |i'2 — '!^2 1 1 ■ This provides the n = 
instance of the property \fn < 0, ||w;„_i — i|| > \\wn,2 ~ w'^2\\ which we prove by descending induction. 
Suppose the inequality is true for n. Then by Lemma [58l 1) 

(49) ~ <ill - ||i?GiK_i) - i?Gi«_i)|| < ci(e)||«;„-i - . 
We now examine two possible cases. 

1st Case: Suppose ||i(j„„i^2 — ^^n_i 2II — I l^n-1.1 — v^'n-i ill- -^Y Part 2) of Lemma [58] 

(50) ||w„,2 - w^,2ll = II^G2(w„_i) - RG-2.(w'^--s)\\ > C2(e)||w„-i - fi'^i-iH ■ 
Combining ([49]) and (|50)) we obtain 

(51) l|w^n,l - w'^aW < Cl{e)c2{e)~^\\Wn,2 - w'j^ 2\\ 
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However ci(e)c2(e)~^ < 1 makes ([?T|) incompatible with the induction hypothesis unless ||wn,2 ~ 2II =0. 
The latter implies, via (j51|) . that Ijifn,! ~ i|| = and therefore z«„ = w'^ which has been shown to be 
impossible. In fact, this 1st Case does not occur. 

2nd Case: Suppose Li\\'Wn-i.2 — "u^n-i 2II < Hw'n-i.i ~ ""^n-i ill- Since > 1, this immediately implies 
the induction hypothesis for n — 1. 

From the inequalities we just proved by induction and the definition of the norms we have, for all n < 0, 

Ikn - W'J\ = \\Wn,l - Wjj,i|| . 

Thus dH]) becomes 

||w„_i,i - w;_i_i|| > ci(e)"^||w„,i - w^^ill 
for all n < 0. Trivial iteration gives 

||w„,i - u;^ ill > [ci(e)"^] " ||wo,i - u'o^iH 

which contradicts the boundedness of the w and w' sequences in the n — > —00 limit because ci(e) < 1, unless 
ll'ifo,! ~ 'W'o ill = 0. Hence ||ui — fill = which also implies ||w2 — f2|| = by the assumption made at the 
beginning. We then arrive at v ~ v' which is impossible. □ 

Corollary 2. Under the hypotheses of Lemma[niW^-^°'' W'^"'' = {v^}. 

Proof: We already know that the fixed point belongs to the intersection. Suppose v 7^ does too. Since 
V and are distinct and belong to W^'^""^, then Lemma [5^ and the fact > 1 imply 

||wi - > \\V2~ w*,2|| X Li > \\V2 - ^'*,2|| 

However since v and are distinct and belong to W^'^°'^, Lemma implies 

||l'2 - f*,2|| > 11^1 - -U^^ill 

which gives a contradiction. □ 
We conclude this section by giving an analogue of Proposition [5] for the unstable manifold. Since 
this corresponds to an expanding direction for the bulk RG map, one cannot hope for the stability of 
^u,ioc^ However we will consider a smaller set W^'J^'°'^ and show, under suitable additional hypotheses, that 

RGiW^llly") C For p" > to be suitably adjusted we first define 

wci°n-{('5.9u(M),/^,i?u(/i))i i/i-M*i <pvn 

According to the prevailing hypotheses, as in the statement of Lemma [CTl we have f < This leaves the 
possibility of adding the new constraint p" < ^ — | on the new parameter p". From the proof of Lemma 
we get |yu»| < ^g'^^ and therefore |p — /-t*| < p".?*^^ implies 

H < Im-m*i + Im*i </.r^ + fr < ■ 

This garantees C Also note that p' < i implies that M^"-'"'^ and therefore W^^^^^ii 

are contained 

in a domain where RG is well-defined and analytic. Therefore, the set RG{W) is also well-defined for any 
subset W of WZ2n- We now define 



tiny 

where 

p'"^min|p",-C3(.) ^3 3 
where 03(5) has been defined in Lemma [58l Our working assumptions are now that 

< p < ^ and < p" < i - p 
which are stronger than the previous ones and garantee < p'" < p" so M^ti^'"^ is indeed a subset of 
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Proposition 9. In the small e regime, W^^^°'^ satisfies 

Proof: Let {5g,fi,R) G M^Jman consider the associated backwards trajectory {Sgn, fJ,n, Rn)n<o pro- 
duced by Proposition [HI Let {Sgi, ^i, Ri) = RG{6g, ^,R). We will show that the extended sequence 
{Sgn, fJ-m Rn)n<i Satisfies the conditions stated in Proposition |8] (with suitable and obvious shift in indexa- 
tion). For n < —1, the bounds we need are the ones wc already have. For n = the bounds we have are 
stronger than the ones we need. Indeed, \^o\ < ^g'^^ trivially implies |/io| < ^9'^^- We now focus on the 
n — 1 case. By Lemma [551 

\\RGiiSgo,fio,Ro)-RGiM\\<ciie)\\idgo,tio,Ro)-v,\\ , 

namely, 

1 1 - <5.g, , i?i - i?, ) 1 1 < ci (e) 1 1 (,5.9u (/i) - (Ai* ) , M - , i?u (m) - i?u (Ai* ) ) 1 1 . 
Note that, by construction in Proposition [Tj the analytic function Sg^ satisfies the hypotheses of Lemma [1] 
with ri = ^5*^^ ^rid r2 ~ ^9'^^ ■ If ^6 choose v ^ ^ then resulting Lipschitz estimate will give us 

16 _ 

\5gn{^l)-5g^{^l^)\<—g^^ ""Im-m*! 

provided both /i and /i* arc bounded by fjff*^^. However these two requirements arc garanteed by the 
hypotheses p < §- and p'" < \ ~ p] together with 



3^8 

\pA < and < + < • 

We therefore have 

9~''*\Sgu{p) - Sgu{fi*)\ < y.g'^'l/i-M*! • 
By the same reasoning and use of Lemma [1] for the function R^ we also have 

|i?u(M) - i?u(M* I < y 3"'' 1^ 

As a result 

16 16 ,„ 

ll('5.gu(/i)-'5gu(M*),M-A**,^u(Ai)-^u(Ai*))ll < y.9 "^llJ- - ti-*\ < y/' 

and thus 

\\iSg^-Sg.,R,~R.)\\ < fc,{e)p"' < ^p'" . 

In view of \Sg^,\ < j^g'^^ and |||i?*|||g < i^9^'^ provided by the fact S W^'^°'^ and by simple triangle 
inequalities we obtain 



Since C3(e) > > 1, the definition of p'" implies 

16 ,„ p 16 ( ^ m . P ^ P' P' 
— P H < — e P H — < — < — • 

Hence, \5gi\ < ^g"-" and |||i?i|||g < 
By Lemma [551 

\\RG2{Sgo,p.o,Ro) - RG2{v*)\\ < C3{e)\\{6gQ,po,Ro) - . 
By the same bound on the right-hand side as before we thus get 

\\RG2(Sgo,l^o,Ro)-RG2{v*)\\<c3{e) x ^g-''--\p - < yCale)/' 
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Hence 

lm-M*l<yC3(e)/'r 

which together with |^*| < ^g^^ and the hypothesis on p'" imphes < ^. 

We therefore proved the required shifted bounds on the sequence {Sgn, Hn, Rn)n<i in order to conclude 
by reverse use of Proposition |8] that {Sgi, fj,i, Ri) € 1^"-'°'=. □ 

8.6. Study of the diflferential of the RG map at the fixed point and quantitative transversality. 

We now study the differential Dy^ RG of the map RG at the fixed point in relation to the invariant linear 
subspaces f and £^ corresponding to the tangent spaces to the stable and unstable manifolds at the fixed 
point respectively. We first define f as the kernel of the C-linear form 

{Sg,n,R) 1-^ 1.1- ^p,s[5g,R] 

where ^/ig is the differential of /i^ at = {Sg^,R^). This linear form is clearly nonzero. It is also 
continuous by analyticity of fis- Therefore £^ is a closed complex hyperplane in £. 
We likewise define as the kernel of the C-linear map 

£ — > 

{Sg,n,R) I — > {5g~ Dy^ Jgu[tA,R- D„, ^Ru[fi]) 

in terms of the differentials at Wh,_2 = fJ-* of the analytic maps Sg^ and R^. Again, f " is a closed subspace of 
£. In fact, it is easy to see that f " is equal to the complex line Ccu with 

eu - {D„, Jgu[l],l,Dy, ,Ru[l]) . 

Lemma 63. For all v E £^ we have \ \vi\ \ < ||w2|| • For all v E £^ we have ||ti2| | < |. As a consequence 
we have the direct sum decomposition £ — £^ Q £^ . 

Proof: Define the complex curve parametrized by j{fJ.) = {SguifJ-* + fi), fi* + fi, Ruip-* + m)) fo^' fJ- 'E C small. 
By Proposition [U € W^'^°'^ for /i small. Since we also have S then Lemma [62] gives us 

Il7(/^)i - < II7(m)2 - V*,2\\ 

for fi small. However by analyticity and therefore differentiability we have j{fJ.) = + /iCu + fJ-coip) where 
uj{p,) — > when fi ^ 0. The previous inequality becomes 

ll/iCu,! + HU){^l)i\\ < \\^ieu.2 + Ai'^(M)2|| • 

For /i 7^ we divide by |^| and then let ^ go to which gives ||eu,i|| < ||eu,2|| and therefore ||wi|| < ||u2|| for 
all ve£'' = Ccu. 

Now for V = {6g, n, R) S £^ we this time let, for t e C small, 

7(t) = {Sg^ + tSg, ^^(5.9* + %, R* + tR), i?* + tR) . 

Since € W^nt°'^ Ms is analytic and therefore continuous we have 7(i) e W-^""" C W^^"'^ for t small. 
Lemma [59] thus gives the inequality 

-^^117(^2 - v*,2\\ < ||7(i)i - • 

Again one can write 

7(0 = V, + t{5g, i?„.,iMs[fi], i?) + tuj{t) 
where the new function uj satisfies w(t) — > when t — > 0. The previous inequality becomes 

Li\\tDy,,ili^[v{\+tuj{t)2\\ < \\tvi+tuj{t)i\\ . 
Again dividing by \t\ for t 7^ and then letting t — > we get 

-^^^ll-Di).,iMsbi]|| < Ikill , 

i.e., _L3||w2|| < IK'ill by the defining equation V2 ~ p = £'u,.i/isbi] oi £^ . 

A vector v which satisfies both inequalities i4||w2|| < ||fi|| and \\vi\\ < \\v2\\ must clearly satisfy ||wi|| = 
||i'2|| =0 because Li > 1. Namely, v must vanish. This shows £^ O £^ — {0}. Since eu 7^ is in we get 
Cu ^ £^- This proves the direct sum property since we are considering a complex line spanned by eu and a 
complex hyperplane. □ 
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Lemma 64. The subspace £^ is invariant by D^^RG. 



Proof: For v = {5g, /i, R) E £^ we again use the curve 

7(t) = ((5.g, + t6g, ^is{Sg* + tSg, i?, + tR),R^ + tR) . 

from the proof of the previous lemma and which satisfies 7'(0) = v. For t small 'y{t) is well-defined, 
takes values in Wj^t"'^ C W^'^°^, is analytic in t and belongs to an open set where RG is well-defined and 
analytic. Thus, t i-^ RG{'j{t)) is analytic near t ^ 0. By Proposition El RG{-f{t)) € W-^^""" and therefore 
RG{j{t)) = iis{RGi{j{t))). We differentiate this at < = using the chain rule and obtain 

iD,,RG[j'm)^ = Z?,.,iMs [{D,,RG[-f'm)^] , 

i.e., 

iD,,RG[v])^ = [iD,,RG[v]),] . 

Hence A..i?G[w] e by definition of f ^ □ 

Lemma 65. The subspace is invariant by Dy_^RG. 

Proof: We reuse the curve 

lit^) = (<55u(m* + /^), A** + Ruiti-* + m)) 
from the proof of Lemma Clearly, 7(/i) lies in when fi is small. Therefore RG{'~f{^)) is analytic 

and lies in 1^"''°'^ when /i is small because of Proposition [SI By definition of we thus have 

i?Gi(7(M)) - (5gu(i?G2(7(/i))),i?u(i?G2(7(M)))) • 
We differentiate at /i = using 7'(0) = eu and the chain rule. This gives 

{D,,RG[e^])^ - {D,, Jg^ [{Dy,RG[e,;W] ,D,,, ,R^ [{Dy,RG[e^])^]) . 

In other words Dy^RG[e-a\ satisfies the defining equation of = Ceu which therefore is invariant by the 
differential of RG at the fixed point . □ 

Lemma 66. The restriction Dy^RG\ga is the multiplication by an eigenvalue au which is real and greater 
than 1. One also has the more precise estimate 



\a.n - L^'^'\ < C4(e) 



where C4(e) has been defined in Lemma [58[ 



Proof: By Lemma 1551 and the unidimensional property of £^ we have D„,i?G[eu] = a-^e^ for some possibly 
complex an- However, by Theorem SI the map RG sends real data to real data. Thus, so does the map on 
sequences m used in Proposition [3] Therefore the corresponding fixed point it* in the space of sequences 
obtained by iteration starting from the null sequence which is real is also real provided the implicit data 
{5go,Ro) is too. As a result the map fig sends real data to real data. In other words, if € M and if R is 
a real- valued even function then fj,s{Sg,R) G M. Similar statements also hold for the functions Sg^ and i?u 
used for the parametrization of the local unstable manifold 14^"''°'=. It is also easy to see that the fixed point 

is real. Finally, the eigenvalue which coincides with the second or /x-componcnt of Dy^RG[eu] is easily 
seen to be a real number. 

Now again consider the curve 7(/i) as in the proof of Lemma 1551 For /i small we have by Lemma [551 

||i?G2(7(M)) - RG2{l{0)) - L'^{l{^i) - 7(0))|| < C4(e)||7(A*) - 7(0)|| • 
We divide by |ju| 7^ and then take the limit when /i goes to 0. This results in 

II p,.i?G[eJ)2 - L^eull < C4(e)||eu|| , 

i.e., 

|au - X ||eu,2|| < C4(e)||eii|| . 

Since Cu belongs to we have by Lemma [551 the equality ||eu,2|| = ||eu||- Since is nonzero we can simplify 
by 1 1 Cull and we end up with the desired estimate. Finally, in the small e regime, C4(e) goes to zero which 
readily implies au > 1. D 
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Lemma 67. The restriction Df,^RG\^s is a contraction on the subspace f . More precisely, for every v G £^ , 
we have Dy_^RG[v] S f and 

\\D,,RG[v]\\<c,{e)\\v\\ 
where ci(e) e (0, 1) has been defined in Lemma WE[ 

Proof: For v = {5g,ii,R) E £^ we again use the curve j{t) as in the proof of Lemma [Ml For smaU t we 
have 7(t) G W^'^°'^. We can thus derive from Lemma [501 the inequahty 

\\RG{j{t)) - i?G(7(0))|| < c,{e)Mt) - j{0)\\ . 

We divide by \t\ ^0 and take the t — ?> hmit in order to obtain 

||i^..i?G[7'(0)]||<ci(6)||7'(0)||, 

i.e., 

||i^«.-RGH|| <ci(e)||z;|| 

since, as one can easily see, 7'(0) = v. Stabihty has aheady been shown in Lemma [Ml □ 

8.7. Explicit equivalence of norms. For the needs of fj9]we introduce another norm || • ||^ on £. Recall 
that the latter is the direct sum £i © £2 and the original norm 1 1 • 1 1 behaves well with respect to this 
decomposition. Indeed, if u = vi + V2 is the decomposition of a vector according to this direct sum, we have 

\\v\\ = max(||ui||, IIU2II) . 

The II • Ho is designed in order to satisfy a similar property with respect to the direct sum £ = f "©f . Using 
the notations Pu and Pg for the corresponding projections on the two subspaces £^ and £^ respectively, we 
let by definition 

||Hlo=max(||P,(z;)||,||P3(iOII) ■ 
Lemma 68. We have the explicit equivalence 0/ norms 

1, 



^\\v\\ < llt'llo <5|kl 



for all V € £. 



Proof: For such a v let us write for simplicity ~ Pu{v) and = Ps{v)- We decompose all three vectors 
V, ti" and according to the old direct sum £1 © £2 as 



Vi + V2 



V = Ui 



noting that we must then have the relations vi = + f f and V2 
and the inequalities in Lemma [63] one easily checks that 



which results in 



< 
< 

< 
< 



max(||<||,||i;2"| 

^^2^11 



"2 
W2I 
V2\ 
V2\ 
W2I 



11^2 

L 
L 
L 



{l + L- 



\Vl 

kill + 



- -T I l„.U| 



< 



l + L- 
1 - L- 
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-Il«l 



Armed with this observation 



Similarly we have 



= max k/ 



ilh 



< 
< 

< 
< 



Kll 
Kll 

\V2-Vl\ 



\V2\ 
\V2\ 



which entails 



Since L 4 < 1 we get 



< 2||w|| + 

2 



k1 < 



|H|^=max(||z;"||,|K||)< 



2 



v\\. 



where we used the simplification 





1-2 4 



1 - L- 
4.933... < 5. 



\v\\ < 



1-2-t 



lull < 5\\v\ 



The other inequality is much simpler. Indeed, 

\\vi\\ = IK + < IKII + IKII < IKII + IKII < 2|K,||^ 

and 

11^211 = \\V^ + Vl\\ < + \\vl\\ < + \\V'\\ < 2\\V\\^ 

Hence 

||?;|| = max(||ui||, ||w2||) < 2||u||^ 

as desired. 

9. Partial analytic linearization 



□ 



The crucial ingredient for the proof of existence of anomalous dimension is an infinite-dimensional gener- 
alization of the Koenigs Linearization Theorem in one-dimensional holomorphic dynamics. This is the object 
of Theorem[5]below. As a preliminary step towards establishing this theorem, we prove some lemmas which 
give us some explicit control on the second differential of RG. 

Lemma 69. In the small e regime we have, for all v such that \\v\\ < 

\\DlRG\\ <17 . 

Proof: In {6g,^,R) coordinates we have: 

RG[g, n, R] = i?G°''P""*(,5g, ^, R) + i?G""P""'(5g, R) 

where 

i2-L^)Sg~A^Sg' 
^gexpiicit^^^^ i?) = I i^/i - A2ig + 6gf - A^^g + 5g)^i 



and 



£,i{g + 5g,ii,R) 

^gimpiicit(^^^ i?) = ( Ug + <55, ^i, R) 

yC^9+S3.t^}^R)+^^(^g + Sg,fi,R)j 
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T meaning transpose. 
An easy computation shows 

/ -2Ai5g'5g" 

V 

where v = {5g,pL,R), v' = {5g' , ii' ,B!), v" = {5g" , pi" ,B!'). 

Here D^, the second differential at w, is seen as a bilinear map acting on pairs of vectors v"). 
It is immediate from the definition of the norm 1 1 • 1 1 that 

||^2^goxpiicit[^,^^„]|| < 2||z;'|| X X max [Al,„,axr^ ^2,max5'"^-^^ + A^^^^^g^'] ■ 

On the other hand if \\v\\ < — and v\v" are nonzero, we can use Cauchy's formula to write 

i^2i?G'-P""*[i/,«"] = -J— / ^ / ^^i?G™P""*(« + Alt;' + X2v") 
[2mY J Xi J \i 

where the contours of integration are the positively oriented circles given by | Ai 



8||w"| 



1 



Since clearly \ \v + Xiv + A2w"|| < — we are in the domain of analyticity specified by the specialization of 
Theorem [3] in ^8.11 Thus we have 

ll^gimpiicit^^ + Alt/ + A2f")|| < max [Bif'-^^Wv + Ait;' + A2t;"||, Bar""'^^ + Ait;' + A2t;"||, 

i||t; + Ait;' + A2t;"||+Bfl55'^~"'"'" 



< max 



and therefore 



||^2^^implicit[^,^^,,]|| < (8||t;'||)(8||t;"||) X max ii?4g^H--^ is^g^H--^ i + i?fl^ffT-3r;-eH 

In terms of the norm on bilinear forms induced by the vector space norm || • || we have: 

\\DlRG\\ <2max[Ai,„,axr',^2,maxg'"^""^ +A3.maxr1 

+ 64 max 



64 

< 1 + — < 17 . 

4 



In going to the last line we used the assumption on e being sufficiently small and the inequalities for 
exponents indicated in ^8.11 □ 
For V £ W^'^""^ and 7i > we define the continuous linear map 

T„(t>) - a-'^D^RG^ = a-"i?flG„-i(,)i?G o • • • o Drg{v)RG o D^RG . 
It is well defined by the stability of W^-^°^ which lies in the domain of analyticity of RG. 

On the same domain as RG (e.g., the domain ||t;|| < i) we define the map H by 

H{v) = RG{v) - Dy,RG[v] 
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which is also analytic. 

Note that Dy^RG = a^P^ + AsPs where As = Dy^RG\^^. Thus we have that RG = a^Pu + ^s^L + H. 
Lemma 70. In the small e regime: 

(1) If\\v\\ < i then \\DvH\\ < 17\\v-v^\\. 

(2) If V and w satisfy \ \v\\ < — and \ \v + w\\ < — then 



\\RG{v + w) ~ RG{v) ~ DyRG[w]\\ < y| 



\w\ 



|2 



Proof: Note that by HD^T?!! we refer to the norm induced on linear operators on £ by the norm || • || on 
vectors in £. Remark that v,^ G W^'^°'' implies < ^ < j since p < j2- 

Since the ball of vectors v with ||u|| < j is convex we can use the mean value theorem to deduce 

\\D,H-D,,,H\\<\\v-v,\\x sup . 

0<t<l 

However by construction Dy^H = and D^H = D^RG so Lemma [69l implies 

\\DyH\\ < 17\\v - v^\\. 
By the mean value theorem, or Taylor's formula with integral remainder, we have 



\\RGiv + w) - RG{v) - DyRG[w]\\ < -\\w\\^ X sup \\Dl^ty,RG\\ 

^ 0<t<l 



and the desired inequality in Part 2) follows by Lemma 15^1 □ 

We now give a lemma that shows boundedncss for namely, the operator norm induced by the 

norm || • ||^ on vectors. 

Lemma 71. For all v G W^'^""^ and all n> we have 

||r„W||o <Ci(e), 



where Ci (e) = exp 



85 



_q;u(1 - ci(e))_ 

Proof: From T„(u) = a^^^DyRG"" = a^^'' D hg^-^^^RG o • • • o DjiG{v)RG o D^RG we immediately get 

n-l 

\\Tn{v)\\o < n \\a;;'DjiaHv)RG\\(^ ■ 

But 
results in 

\\an^DRGHv)RG\\(^ < ll^u+au'^/'s|lo + l|au'^i?G'=W^^llo ■ 
From the definition of || • ||^, Pu, Ps, au > 1 and the contraction Ag we get ||Pu + «u ^^s^s|lo ^ 1- Note 
that this would not work if we had used the || • || operator norm instead. 
Hence 



||T„(«)||o < n {1 + c^-'\\DrgHv)RG\\^ 



k=0 

Now from Lemmas I68|70l and |60] we derive 
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\\Drg''{v)H\\^ = sup -^-^1 < - sup 

w^o \\w\\o 5 w^o \\w\\ 

<170\\RG''{v)~v^\\ 
<170ci(e)'''||w- . 



Since Hw — < ||w|| + ||w*|| < ^ + ^ — ^ have: 



\\T„{v)\\^ < exp ( 5] a-' x 170 x ici(6)'= ) < Ci(e) 



\fc=o / 

as wanted. □ 
We now extract geometric decay in n from ||Ps^„(^I)||<^,. 

Lemma 72. For all v e VK'''°'= and n > 

||Psr„(i;)||^ <C2(e)ci(e)t 



where C2(e) = Ci(e) 
Proof: Wc write 



85Ci(e) 



ci(e)(l-ci(e)) 



where M = + ^A^Ps 
and Nk = a:^^ D^Qk^^^H . 

Let m be such that < < then 

PsT„(l>) = P,(A/ + iV„_i) • • • {M + Nm)Tra{v) . 

Then by Lemma [7T] 

\\PsTn{v)\\^ < Ciie)\\PsiM + N„^i) o . . . o (A/ + iV„Ollo ■ 

Now 

||P,(M + 7V„_i) o . . . o (A/ + 7V„0llo <ll^s(M + 7V„^i) o . . . o (Af + N,„) - P,Ar-™||o + ||PsAr-™||o 

<||(A/ + 7V„_i) o . . . o (A/ + 7V„0 - A//"-™||o + ||P,Ar"-"||<> . 
In going to the last hnc we used that ||Ps||o < 1 (in fact one has ||Ps||(> = !)■ 

It is easy to sec that 

PsA/"-™ =P, (Pu + a-("-™)4"-"Ps 
=a-("-™U^'-'"P, . 
Note that ||w|| = WwW^ ii w E Then one easily gets from Lemma 1571 

\\PsM |lo<"u^ ■^ci(e) 

On the other hand, we can write 
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(M + Ar„_i) o . . . o (A/ + Nra) - A/""™ = N^-i o {M + N^_2) o ■ ■ ■ o {M + N^) 



+ Mo 




_2 O [M + iV„_3) O . . . 


+ M"- 


-m— 


^ o iV„+i o (M + Af„) 


+ Af- 


-■m— 






1 o 


T„„,„„i(i?G™(^;)) 


+ Mo 




-2or„_„,_2(i?G"^(«)) 



+ M"-™-2 o ^^^^^^ o Ti{RG"'{v)) 

In the first equality we are expanding the product and ordering terms with respect to the leftmost factor 
of A', that appears. 

Remembering that ||A/||<^ < 1 and using Lemma [7T] one gets 

||(M + N„-i) o---o{M + iV,„) - A/"-™||^ < Ci(e) [||iV„_i||^ + • • • + ||JV,„||<>] . 
Thus one has 

\\PsTn{v)\\^ < Ci(£)a-("-'")ci(6)"-'" +Ci(ef [||iV„-i||o + • • • + \\N„M^] . 
We now note that the proof of Lemma [7T] tells us that: 

(52) IliVfcll^ < 170ci(e)'=||w - < 85ci(e)^ 



Using this in the previous inequality gives the bound 



||P.r„(z;)||<><Ci(6)[a-ici(6r-'" + 85Ci(6)2^^i^. 



Now take m 



Then m > 1 and one has 

2 



ci(er<ci(e) 



¥-1 



One also has n — m > — so that 
- 2 



[«-ici(e)]"— < [a-ici(e)]t <ci(e)t 

Note that we used the fact that au > 1- Now inserting these two bounds into our last bound for 
\\P,Tn{v)\\^ gives 



Ci(e) + 



85Ci(e)2 



ci(e)(l-ci(e)) 



□ 



Now we bound differences of the form ||T„+i(u) — Tn{v) 
Lemma 73. For v e W'-^°'' and n> Q 



||T„+i(«)-T„(«)||^<C3(e)ci(6)t 
where Cz{e) = 85Ci(e) + (1 + a'^ ci{e))C2{e) ■ 
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Proof: Using the same notation as earlier we have 



T^+i{v) - Tn{v) ^{M + Nn-I)o Tn{v) 

^NnoTr,{v)-{I-M)oT„iv) , 
but M = + a:^^AsPs and / = Pu + Pg so we have 

I-M=iI-a-'A,)oP, . 

Hence 

- M) oTn{v)\\^ ~ a-'AsPs)PsTn{v)\\^ 

<\\I-a-'A,P,\\^ X \\PsT„{v)\\^ 

<{l + a-') X (C2(e)ci(e)5) . 

In going to last line we used Lemma |72I to bound ||PsT„(w)||^. Now by the estimate in (j52p and Lemma 
[7T]we have: 

||^nT„(i;)||^ <85ci(e)" xCi(e) . 

Thus we have the bound 

\\Tn+i{v) - Tn{v)\\(y < (l + a-ici(e))C2(e)ci(e)^ +85Ci(e)ci(er 
and the lemma follows. □ 

The last lemma implies that Too(w) = lim Tn{v) exists and is a continuous linear operator on £. We also 
have the following as consequences of Lemma [73] and Lemma 1711 

PsTooiv) = and \\T^{v)\\(^ < Ci(e) . 



At the heart of the proof of Theorem [5] is a somewhat involved telescopic sum argument which will 
reappear many times in the remainder of this section in slightly different forms. It first features in the 
following lemma which merely ensures that quantities of interest arc well defined. 

Lemma 74. The following holds in the small e regime. For all v £ W^'^°'^ and w £ £ such that 

,, ,, 1 
" " - 240Ci(e) 

we have that, for all integers n, a, 6 > such that a + b < n, the following expression is well defined: 

RG" (RG^v) + DyRG''[a-''w]) . 



We also have the bound 

WRG" (RG\v) + A.i?G'''K"w]) II < i. 

8 

Proof: Note that since v S and W^'^°'^ is stable under RG we have that RG''{v) is well defined for 

ah fc > 0. We also have that RG''{v) e W''^"'' so we by definition get the bound 



since p < j2- 
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For < fc < 71 we have that DyRG'^[a^"w] is well defined and in fact equal to '^'^Tk{v)[w]. Noting 

that Q!u > 1 gives the estimate 

\\n,RG''[a-"w]\\ <\\Tk{v)[w]\\ < 2||rfc(iOMIIo 

<2\\niv)\\^\\w\\^ 

<2Ci(e) X 5||w|| . 

Thus we have that 

\\D,,RG'[a-"w]\\<WC,{e)\\w\\<^. 
We prove the assertion of the lemma by looking at various cases while applying induction on a + 6. 

For our first case assume a = 0. We are then looking at 

RG" {RG\v) + DyRG''[a-"w]) = RG^v) + D„RG''[a~''w]. 
The right hand side is well defined by the previous remarks on the two pieces composing it. We also have 
the bound 

WRG'iv) + D.„RG''[a-"w]\\ < 1 + 1 = 1 . 
This proves the claims of our lemma whenever a — and also covers the induction base case a + b = 0. 

For the second case assume a + b > 0. Note that if a = then we are again under the previous case for 
which the assertions has been proved. Therefore we assume a > 0. By our induction hypothesis we have 
that 

RG"-^ (RG^v) + D,,RG''[a~"w]) is well defined 
and we also have the bound 

\\RG^-^ {RG''{v)+D,RG''[a;;"w]) \\ < i. 

o 

This places it within the domain of RG (which is defined on vectors of norm less than i). 
Thus 

RG" {RG''iv) + DyRG''[a~''w]) is well defined. 
By the same argument the following quantities are also well defined: 

RG"-^ {RG''+\v) + D^RG^+^la-^'w]) , 
RG"^^ {RG''+^iv) + i?„i?G''+2[a-"u;]) , 

RG (i?G^+°-i(w) + i:i„i?G^+°-i[a-"u;]) . 

We write the telescopic sum 
(53) RG" {RG\v) + D^RG''[a-^w]) = RG"+\v) + D^RG'^+^la^^^'w] 

a-l 

+ {RG^+^ {RG''+"-^-^{v) + DyRG^+"~^~^[a-"w]) - RG^ {RG''+"-^{v) + D^RG''+"~^[a-'''w]) } . 

3=0 

Note that Part 1) and Part 3) of Lemma [551 can be combined into a single Lipschitz estimate 
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\\RG{w') - RG{w")\\ < C3(e)||w' - w"\\ 

for all w' , w" in £ such that ||w"|| < \- 

For j > 1 within the telescoping sum our induction hypothesis tells us that we can repeatedly use our 

Lipschitz estimate j times. At every step the arguments of the map RG will be within B [ 0, — ) C Thus 



we have: 



8 



\\RG^+^ (i?G^+°-J-i(z;) + A,i?G''+'^~^'[a;^"w]) - RG^ {RG^+'^-^^^v) + D,RG''+''-'-^[a-''w\) \\ 

< C3iey\\RG {RG''+''-^ (v) + D^RG''+''-^-^[a-"w]) - {RG''+''-^ {v) + D,„i?G''+''-^' [a-"^]) || . 

Note that the bound above holds for j = as well so we can apply this estimate to all the terms of the 
telescoping sum: 

a-l 

J2 {RG^+^ (i?G''+°-^-i(i;) + D„i?G^+°-J-i[a-"w]) - RG^ (i?G''+"-^ (w) + D„i?G''+°-^ } 

3=0 

a-l 

<J2^^^'^y\\^^ {RG''^'''^'\'") + DyRG''+''-'-^[a-"w]) 
j=o 

-RG {RG^+''-'~\v)) - DiiG^+.-,-^„-jRG [D,RG^+''-'-^[a-"w]]\\ . 
Above we used the chain rule for Frechet differentials. 

By the earlier remarks we know that ||i?G^+''^-'^^(ti)|| < ^ and \\D.uRGb+a-j-i[a~'''w]\\ < Thus 
the quantities appearing in the sum above can be estimated using Lemma [70] which tells us that 



\RG (i?G''+"-^-i(v) + D^RG''+''-^-^[a-''w]) 

-RG {RG''+''~^-'^{v)) - Dj^a»+''-'-Hv)RG [D^RG''+''-^-'^[a-''w]] \ 



.17, 



<-\\D,,RG'+''-^-^[a- 



<- 



17 r 

.17 



a, 



-n+(b+a-j-l) 



\\Tb+a-j-liv)[w] 



— n+(6+a— j — 



•^-^■-l) X lOx ||rb+a-,„l(^ 



^2|| ii2 
\w\\ 



<50 X 17a~2(»-«-f'+J+i)Ci(e)2 
Inserting all of our bounds into (|53p yields the inequality 



||i?G" {RG\v) + D,RG'[a--w]) II < ^ + ^+Y.[c3{eyS50a--"^^+'^C,{ef\\w\ 
Above we used that au > 1 and n > a + b which means ctu " < 1- 

We would like to sum the geometric series but for this we need to show that a~^C3{e) < 1 which we now do. 

We have that > — C4(e) > for e small by Lemma l66l and C3(e) — + C4(e) by the definitions 
given in Lemma [551 We also know that lim C4(e) = so 



«u - C3(e) > {L^ - Ciie)f - (L^ + C4(e)) iJ" - 



when e — >■ 0. 
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Q 3 1 Q 

We note that for L > 2 one has L — > 2 then follows that for e sufficiently small one has 

(54) al - C3(e) > 



2 



Wc have shown C3(e) < 1. Thus 



|i?G° {RG\v) + D,RG''[a-''w]) II <^ + ^ + 850Ci(e)2||u;||2_ 



Qfu C3(e) 



11 / 1 \^ 2 1 1 1 



that -; — TT ^ ~ f \ — ~- This proves the bound asserted by the lemma. □ 



In going to the last hne we have used the lemma's assumption that \\w\\ < 240Ci(e) ^^'^^S with the fact 
1 ^ 2 
1 -au^C3(e) -C3(e) " L^' 

Note that the constant Ci (e) featuring in the domain definition for w is a very bad one. Indeed it essentially 
blows up as exp(e"^) when e — >■ 0. This is because the previous lemma uniformly covers all starting points v 
in the local stable manifold W^'^""^ on which the convergence to the fixed point is very slow. In the special 
case V ~ v.^, and w G one can obtain significantly better estimates which is what we do next. 

Lemma 75. The following holds in the small e regime. For all w € such that 

IHI<^ 

we have that, for all integers n,a,b > such that a + b < n, the following expression is well defined: 

RC" {RG\v,) + D^,RG''[a-''w]) . 

We also have the bound 



IRG" (i?G^K) + D^,RG''[a-"w]) 



< 



Proof: The proof is exaclty the same as that of the Lemma [74] except for the following modifications. When 
estimating DvRG''[a~'^w] we now have the tremendous simplification 

D.u,RG''[a-'^w] = a-'^{D^,RG)''[w] = a'^^'^w 

by Lemma [551 and the hypothesis w € When we estimated the quantity ||Th+a-j-i(w)[w]|| we had to pay 
a factor of lOCi(e). Now we simply note that Tb^a-j-i{v)[w] = w and therefore we obtain the same bounds 
without this bad factor. □ 
We now attack the main linearization theorem. 

We proceed by showing that for v G W^'^°'^ and w sufficiently small the following sum converges: 

oo 

\\RG"+\v + - RG"{v + 

n=0 

as results for the next lemma. 

Lemma 76. In the small e regime, for all v G W^'^°'^ and all w with \\w\ \ < 



240Ci(e) 
we have, for all n > 0, 
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where C4(e) 



12c3(e) 



24Ci(e)- 



Proof: By Lemma [74l with & = and a 

11 11 1 
\\w\\ < 



n the quantities involved in the sum are ah weU defined if 



240Ci(e)' 

We now proceed similarly to the proof of Lemma [TH For n > 1 and < fc < n we write the telescoping 



RG"{v + a-''w) - RG''{RG''-''{v) + DyRG''-''[a-"w]) 

n-l 

= J2 {RG^^^ {RG"-'-\v) + D.^RG^'-^-^ia-^w]) - RG' (RG^'^v) + DyRG''-^[a-'^w]) } . 

Since k < j < n — 1 the arguments of RG remain small enough to allow for repeated use of Lipschitz 
estimates giving the bound: 

\\RG^+^ {RG'''^-\v) + D^RG"-^^'^[a-''w]) - RG^ {RG"-^v) + D,,RG''-^[a-''w]) \\ 
<C3i€y\\RG {RG"~^~\v) + D^RG"-^-'^[a~''w]) - i?G"-^'(w) - D^RG"-^[a-"w]\\ 
=C3{ey\\RG (i?G"-^-i(z;) + DyRG"-^^'^[a~"w]) ~ RG"~^ (v) ~ Drg^-j-h^^)RG [L'^iiG"-^-^ [a-"w]] || 



17 



<C3(e)VII^"^G"''"'[au" 



17 



<850Ci(e)2||w;||2 X a;:^ ^ [c3(e)a-2]^' . 
Using this estimate in the earlier telescoping sum expression gives the bound 



||i?G"(w + a-"w) - RG''{RG'^-''{v)+D^RG'^-''[a-'^w\ 



n-l 

2|L,,l|2„-2 (^\„-2\j 



<850Ci(e)^||«;||^a;^^(c3(eK 

3=k 

<850Ci(e)2||«;||2(c3(e)a-' 



< 



1 



l-au'c3(e) - 24 

For the last inequality we proceeded just as we did at the end of the proof of Lemma [74l Note that this 
bound holds for any n, fc > with fc < n so we get a valid estimate if we replace n with n + 1: 

||i?G"+i(« + a-("+i)u;)-i?G'=(i?G"+i-'=(«)+7?,i?G"+i-^[a-("+^)H)ll < ^ (ca ■ 
As a result, the triangle inequality gives 



< (c3(e)au') 



RG { RG 



~i'ri-\-l — k 



{v) + DyRG 



■n+l-kr 



-(" + 1), 



] - RG'' (i?G"-'=(f) + i:'„i?G"-'=[a-"w]) 



We again repeatedly used the Lipschitz estimate to bound the second term on the bottom line. Indeed, 
Lemma [74] guarantees that the arguments of the outermost i?G's remain in the domain of validity of our 
Lipschitz estimate. This gives the bound 
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RG^ (i?G"+i-'=(z;) + I?„i?G"+i-'=[a-("+i)u.]) - RG'' (i?G"-'=(w) + D,i?G"-'=[a-"w]) 
<C3(e)'=||i?G"+^-'''(w) + i:'„i?G"+^-'=[a-("+i)w;] - i?G"-'^(i;) - i:'„i?G"-'^ [a" " if] || 
<C3(e)'= [||i?G"+i-''Xw) - i?G"-'^(i;)|| + ||i:i„i?G"+i-'^' w] - A,i?G"-'=[a-"u;] 
=C3(e)'^ [||i?G"-^- (i?G(z;)) - i?G"-'^- + a;:'^||r„_fc+i(i;)H - r„_fe(«)H||] 
<C3(e)'^ [ci(e)"-'^||i?G(«) - + a^*'' x 10 x ||T„_,+i(«) - T„_fe(t;)||^||w;||] 

<^C3(e)'=ci(e)"-'^- + C3(6)'=<^ X 10 x C3(e)ci(e)^ x . 



.loc 



In going to the fifth line from the fourth line we used Lemma [Ml since both v and RG{v) are in 
In going from the fifth line to the last line we used \\RG{v) — v\\ < \\RG{v)\\ + \\v\\ — ^ ^ ^ ^ 2 ^1^™ 
bounding the first term. For the second term we used Lemma [73] and our working assumption on the size of 



\\w\\. 

We now arrive at 

\\RG-+\v + a-("+i)z.) - RG-{v + a-"HII <^ (c3(e)a-^)' + ic3(e)'=ci(e)"-'= + ^^^de^ a^'' c,{e)^ 
We now choose k adequately as a function of n. We will set 

k = [cttiJ for suitable a £ [0,1] . 

We then have that < k < n. From previous arguments we know that < C3{e)a~^ < 1. Then since 
k > an — 1 we have 

Since c^^e) > 1, ci(e) < 1, and k < an we have 

C3(e)'=ci(e)"-'= <C3(e)""ci(e)"-"". 

Since C3(e)a~^ > 1 which is a consequence of a-^ < + C4(e) = C3(e) and since ■\/ci(e) < 1, the 

inequality k < an implies 

C3(e)'a-"ci(e)^ < C3(e)""a-'^"ci(e)^. 
Using these three statements in our previous bound we see that 



1 , C3(e) 



12c3(e) 2 24Ci(e) 



X 7" 



with 7 = max 
Recall that for e small we have 



C3(e)^a;:2^C3(e)^Cl(e)l-^C3(erarcl(e)' 
Qfu > C3(e) > au > 1 > ci(e) > . 



Therefore when a E [0,1] one has 

C3(e)-«--Ci(6)^ < [c3(e)'^ci(e)i- 



Hence 
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7 < max 



< 1 



The last inequality holds provided C3(e)°'a^^'^ < 1 and C3(e)°'ci(e)^ < 1 which can be guaranteed by 
choosing a so that 



< cr < 



log ci(e) 



For simplicity, we pick 

We then have 

So 

7 < max 
Indeed the strict inequality 



(T = - X 



log C3(e) - log ci(e) 



log c,(e) ^ / ^ 1 



2 log C3(e)-log ci(e) V '2 
C3(e)^ci(e)i-'^ = ci(e)i 



C3(e)'^Q;^ ci(e) 2 , ci(e) ^ =ci(e)i in the small e regime. 



C3{eya^ ^'^ < ci(e)-i = 03(5)2 ci(e) 2 is successively equivalent to 



"u^ < C3(e) 



, 1 — 17 CT_ 

• 2 2 



2 / . l-iJ I 1 

< > C3(e)i-2- + 2 



2 log au > 1 



1 



2(1 - 2a) 



log C3(e) . 



However, Lemma 1551 gives 



while 



2 log ttu — i> 3 log L when e — ;> 



1 \ 3 1 9 

1 + _ log C3(e) j = - log C3(e) - - log ci(e) ^ log L < 3 log L when e 

as is readily checked from the definitions in Lemma [551 

Therefore C3{e)a~'^"' < ci(e)3 in the small e regime and the result is proved. 

The last lemma also has an improved version in the special case v = v^, w 

1 



Lemma 77. In the small e regime, for all w S with \\w\\ < 



24 



we have, for all n > 0, 

||i?G"+i(w, + a-("+i)ii;) - RG^'iv, + < C;(e)ci(e)T 



□ 



where C[{e) 



12c3(e) 2' 



104 



Proof: The proof is the same as that of Lemma [75] except that we use Lemma [75] instead of Lemma 
[74l We bound ||T„_j_i(w*)[?i']|| simply by ||w|| < ^ < jf and do not pay a bad factor lOCi(e). Also 
Tn-k+iiv*)[w] — Tn-k{v*)['w] = SO the new constant C'^{e) does not have the third term of C4(e). □ 

We now are in a position to state and prove our partial linearization theorem. 

Theorem 5. For v e W^'^°'^ and \\w\\ < 24Q(J j quantity 

"^{v,w) — lim RC^iv + au"ui) exists in £ 

and defines a function of (u, w) with the following properties: 

(1) 4* is continuous in the domain v G W^'^°'^ and \\w\\ < 240Ci(e) • Over this set one has the uniform 

bound w)\\ <-. 

8 ^ 

(2) 5* is jointly analytic in vi and w in the domain \\vi\\ < ||it;|| < 24Q(^ ^ ^ where we have implied 
the use of the parameterization 

v^i-^v= {vi,V2) ^ {vi,Hs{vi)) of W^^"" . 



(3) For all v € W^'^°'^ , w such that \\w\\ < — we have the intertwining relation 

240Ci(e)au 



RG{'b{v,w)) = '^{v,anw). 



1 



(4) For all V e W^-^^, w such that \M < and all ^ntegers q>0,we have 

= '^{RG'^{v),Tg{v)[w]). 



(5) For all v <E W^'^°'^ and w such that \\w\\ < ^ , ,„ , we have 

2400Ci(e)2' 

^{v,w) = 'if{v,,T^{v)[w]). 

Proof: Parts 1) and 2) are immediate consequences of the - bound in Lemma [74] and the uniform absolute 



convergence proved in Lemma [751 
For Part 3) note 



'f{v,auw) = lim Rg(rG"~\ 



and the continuity of RG in the ball of radius -. 

For Part 4) we use the C3(e) Lipschitz estimate and Lemma [70l which are justified by Lemma [74] in order 
to write for fixed q and n > 0: 

105 



("+-?), 



9-1 



i=0 

9-1 



<C3(e)"^ ||i?GJ+' (i?G«-(^+^)(v) + Z?,i?G«-(-'+i)[a-("+«'w]j - i?G^' (i?G«-^(f) + Z?„i?G«--'K 



v-(»+9), 



<C3(e)"^C3(e)J||i?G(i?G«-(^'+^Hi') +-D„^G«-(^'+i)[a-("+«)'u;]) - RG'^-^v) - £>.„i?G«-^' [a" 

9-1 

=C3(e)" ^ C3(ey ||i?G(i?G«-(^'+^H'^) + £'«i?G«-(^'+i) [a-^^'+'^^w]) ~ RG"^-^ (v) 



-(n+9). 



9-1 



<C3(e)"^C3(ey X ^ X 1 1 A-i^G'-^^+i) K 



-("+9),„ll|2 



i=0 

9-1 



<C3(e)"^C3(ey X ^ X \a-^-+=+'^ x 10 x || x ||u;||l' 



i=0 

We now note that we can extract a factor of (c3(e)aj7^)" which will drive the expression to as n — >■ oo. 
Thus 



'^{v,w)= lini i?G"+«[w + a" w] 

= lim i?G" [i?G«(i;) + a-" (a'" DyRG'iiw])] 
=*(i?G«(i;),r,(«)H) 
since Q;~'Dt,i?G'[w] = rg(f)[w] has norm bounded by 



\\T,{v)\\x\\w\\<10\\T,{v)\\^x 



< 



2400Ci(e)2 - 240Ci(e) 



from Lemma [71] 

Part 5) follows from Part (4), Lemmas l60l and [73l when taking the q ^ oo limit. 



□ 



At this point it could seem possible that wc went through all this trouble in order to define a conjugation 
^I* which in fact is identically zero. Our next theorem will rule this out thanks to the consideration of the 
special case v — and tw G 

Theorem 6. On the domain \ \w\\ < ^ of the one- dimensional space £^ the limit 

lim i?G"(v* +a,7"w) 

exists and defines an analytic function of w which will be denoted by "^Iv^^w) since it coincides with the 
previous one on the common domain of definition. On the domain B (O, ^) n this function satisfies the 
bound 



as well as 



17,, „2 



|\E'(w*, w) — — w|| < —\\w 
8 
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In particular, the differential with respect to w at w = is the identity on £^ . On the domain B (O, ^) H 
we also have the intertwining relation 

RG{^{v.,,a-^w)) = . 
For w small enough in we have € 

Proof: Lemma [75] garantees that the quantities RG"{v^ +a~"w) are well defined and bounded in norm by 
|. Lemma l77l shows the limit exists and is analytic in w. Finally the same telescopic sum argument as in 
the proof of Lemma [751 with /c = 0, gives the estimate 

n-i 

||i?G"(z;, - {RG-^{v^,) + D.,,RG[a-^w])\\ < ^C3(e)^' x — [c^-^^+i) ||r„_,_i(t;,)[t 

which in the present situation simply boils down to 

n-l 



3=0 



from which the wanted estimate follows easily. The intertwining relation follows as in Part 3) of Theorem 
[5l Using this intertwining relation to construct the backwards RG trajectory 5'(w*,a"w), for n < 0, and 
thanks to the criterion in Proposition [8] one easily see that ^{v^,,w) is in the local unstable manifold 1^"''°'^. 
By continuity of ^'(w*, •) at zero one also gets the stronger conclusion that \E'(u*, w) € VF^"^'"'^. □ 
Before concluding this section we state a lemma which is on the same theme as Lemmas [74| and [76] and 
which will be needed in the sequel. 

Lemma 78. In the small e regime for all v S 1^''°'^ and all w with \ \w\\ < 240Ci(e) ''^^ have 

||i?G"(u + a-"u>) - i?G"(w)|| < llCi(e)||w|| . 

Proof: By the same telescopic sum argument as in the beginning of the proof of Lemma [751 with k — 0, we 
get 

n-l 

WRG'^iv + a-^'w) - RG"{v) - DyRG^'ia-^w]]] < ^ 850Ci(e)2||w||2 x a'^ x {c3{e)a-y 

< 850Ci(e)2||M;||2 X i 

where we used ([5^ and L > 2. As a result we have 

\\RG"{v + a~"w) - RG^v)\\ < ||r„(«)H|| + -^Ci{e)'\\w\\' 

<10Ci(6)||z«|| + ^Ci(6)||H|x^ 
because of our hypothesis on ||w||. Since 2 x 240 > 425 the lemma follows. □ 

10. Control of the deviation from the bulk 



10.1. Algebraic considerations. We now pick up the thread from §4.2l whcrc we consider for test functions 
f,j G Sg_^g^{Q^p,C) the quantity 

C f f ~\ ^r,s{f ,j) 



2.,, (0,0) 

which is the moment generating function with UV and IR cutoffs r and s respectively. 
Introduce 
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r<q<s 



r<q<s AeL 

AcAs-,,-1 



OA 



where Log is the principal logarithm with argument in (— 7r,7r]. 

We will show that it is indeed a well defined quantity which boils down to making sure all the RG iterates 
are in the domain of definition and analyticity for RGcx provided by Theorem U] One also needs to 

check that jg ^gjj defined and nonzero. 

Once this is verified then it immediately follows from the considerations in M. 2 1 that 



The brunt of the remaining work is controlling the r 
ating function Sj^{f,j). 



-oo and s — >■ oo limits of the log-moment gener- 
Recall that for the denominator, i.e. when f,j — 0, the initial condition for the RGex iterations is 



(0,0) = (g,0,/.c(ff), 0,0, 0,0,0) 
with /ic(<?) = /is(.9 — g, 0) by definition. 
If L. is the affinc isometric injection £ — > £cx which sends {Sg, ii, R) to the vector 



V = (/34,A>/33,A'^2,A,/3l,A>^5,A, W6,A,/a,^a) 



AeL 



where for all A G L 



/34,A 


^9 + ^9 


/S3.A 


= 




= A* 


A.A 


= 




= 


We.A 


= 


/a 


= 


Ra 


= R 



then y''''"(0, 0) = i.{v) with v = (Sg, ^siSg, 0), 0) where 5g ^ g — g. 

By construction v G W^'^°'^ and therefore all of its iterates are well defined and we have 

y('-'9)(0, 0) = L (RG'^^^'iv)) — > l{v^) where r ^ -00 with q fixed. 

The purpose of this section is to derive estimates which control the deviations from this bulk trajectory 
due to the test functions / and j. We will break up the log-moment generating function into five pieces 
which will be analyzed separately. 
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Namely, we write 



where 

r<q<s ' " 

AcAs-,-1 

«-<9<«+ AgL 

AcAs-5-1 

'5.';i.'''(/~j)= E E ('5&a[F('-^'^^(/,J)]-^6a[F('-^'^^(0,0)]) 



q-f-<q<s AeL 

AcAs-,-1 

and 



The subscript "FR" stands for the free contribution. Indeed, an easy exercise shows that 

hm Sjf^if,j)^UlC^oof 

r— > — oo ' ^ \ 

s— f oo 

which corresponds to the free massless measure without cut-offs, i.e., the Gaussian measure with covariance 

C—oo ■ 

The quantity Sj-^^ {f , j) coUects the uhraviolct contributions while Sj'^^ {f , j) contains the infrared con- 
tributions. Most of the influence of the test functions is felt in the middle regime q- < q < q+, hence the 
abbreviation "MD". Finally Sj'^^ {f , j) corresponds to the a boundary term left after the RG iterations 
have shrunk the confining volume A down to a single unit cube. 

The analysis will make use of the following observations with are of an algebraic or combinatorial nature. 
Since the RG runs from UV scales to IR scales we will first have a closer look at the terms featuring in 

From the definition of RGq^ in ij4.2l one sees that this map is given by a collection of independent opera- 
tions performed locally. 

Indeed the output [l^'^^^^,, . . . , fS'i ^'^ ^5. A'' W^e.A'' /a'i ^A') as well as the output 6bA' produced for a cube 
A' only involves the data (/34,A, • • • , /3i,A, M/5,A, We.A, /a, i?A)Ae[L-iA']- 

In other words, RG^x is made up of independent copies of a map (£"13)^^ — > Sib- 

Let A G hq_ so that / and j are constant on A taking the values and respectively. If A ^ A^^ 
then = 0. 

First let us see what happens for the first iteration, i.e., q = r. 
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If a unit cube A is in Ag-r \ Aq^-r then the A component of F^''''') (/, j) of V^"^'^") {f, j) is exactly the same 
as that of the bulk ^('■■'■^(O, 0) = L{Sg, /i, 0) with ^ = ^s('5.g, 0). 



If A e Ag^_,. then there is a unique A £ hg_ , A C A^^ such that A C L'^A 
In this case: 

^^'■''"'(/, j) = (.9, 0, M - y2^2^i''""^'^''jA, 0, 0, 0, i(3-[^»7A> 0). 

Now we choose Z2 so that Z2 = a^^L^^'^^^^'^^^ and thus 

Vl'''''^(/,J) = (ff,O,A^-r2<j\,O,O,O,L(3~[0]K/^^O). 

If g = r < then all immediate neighbors A carry the same data. Here by neighbors we mean the — 1 
other unit cubes contained in the same L-block L^^A' as A. 

Therefore the computation producing (5&a' [^^'^''^H/i i)] well as V^/^~^^\ f, j) is the same as the RG 
acting on the space ^bk- In fact the computation reduces to the map RG on the even smaller subspace £, 
except for the presence of the /-component 

The key observation is that this component evolves by averaging without influencing or being influenced 
by the other variables. 

This again results from the property that / r{x — y)d'^y — for all x G L^^A', as in the proof of 
Proposition [21 

Indeed for the explicit diagrams in the RG transformation the possible effect of / is through legs attached 
to /-vertices of valence 1 which precisely contribute a factor of the type / r(a; — y)^y = because / 
is constant over the L-block L^^A'. 

For the other C or terms, observe that one has e^'^"'^^' = 1 because / is constant on A' and 
C = almost surely by the property of the fluctuation covariance T. 

L-iA' 

As a result 



where 



and also 



V^A'''^'\f:j) = (5',0,A^',0,0,0,L(3-[^lH'-+i)4,i?') 
{g' - 5, /^', R!) = RG{g -g,^i- alY^j-^.Q) 
SbA'[v'^'-'''HfJ)] = Sb{g - - <i2jA,0). 



The same decoupling applies to subsequent iterates F^''''^^^^ (/, j) = RGex[V^^''^^f , j)] as long as g < q_, 
i.e. as long as /(''^'?) is constant over each individual i-block. 

Hence, in the quantity 

E E {sbA[V^'^'''Hf,j)]~SbA[V^''''H0,0)]) 



r<q<q_ ASL 

AcAs_,_i 
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appearing in Sj^-^^ {f , j), only boxes A C Ag^^r-i will contribute and these can be organized according to 
A e Lq_, A C A,^ such that L'^+^A contains A. All L^Cg--?-!) ^q^cs A which satisfy that condition for 
given A produce the same contribution. 



In other words, the previous expression can be rewritten as 



AeL<,_ '■<'3<'3- 

where v = {Sg, /is(^<7, 0), 0) with 5g = g — g 
and = (0, 1, 0) G £. 

Here e^2 gives the direction of pure : 0^ : perturbations in the bulk. 

We are thus reduced to separate and independent bulk RG trajectories as considered in f|7l one 

for each A. Also note that the effect of / is completely absent form the UV regime contribution. 

By also organizing the explicit extra linear term in j according to boxes A of size we can write 
with 



We now look at the middle regime and note that 



sjf^'ifj)^ E E (sbA[v^''^''HfJ)]-sbA[v^''^'^Ho,o) 



g-<g<g+ AeL 

AcA,_|__,_i 

Here we replaced the s that appeared earlier with q+ when describing the summation over boxes A. 
Indeed, if A C As_q_i is outside the rescaling Aq^^q^i of the set A^^ containing the supports of the / and 
j, then the effect of A is nil. 

What we need here is a more precise description of the vector V'^^''^-^f , j) delivered by the RG evolution 
in the UV regime. This involves a fusion of data living in £ into a single vector in fex- 



For m > we introduce the reinjection map 



Jm ■■ 5*0,™ (Q'C) X 



n ^ 

\ AeL / 

\AcA„, / 



^^,(^.9A,MA,i?A) AeL ,{Sg,^i,R)) ^ V^'= (/3;,A,---,/3lA,W^5,A'^6,A'/A"^k') 



AeL 



defined as follows. 



We let 
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-'4. A 



^2. A 



I g + if A c 

\g + 5g if A ^ A, 



-Ra 

^3, A = 



1 MA 


if A c A„ 




if A A„ 


fi?A 


if A c A„ 


\i? 


if A ^ A„ 


W^5,A 


= W^6,A = 



and finally is defined by 



/a(.) = F{x) for aU x e Q^^ 



Namely, via the correspondance between L-indexed vectors and functions that are constant on unit cubes, 
/' = F. Recall indeed that F is assumed constant on unit cubes and with support contained in A^. 

Now it is easy to see from the previous considerations that 



AcA 



Note in particular that = (/_^(_,.) ) = f^r^ y 

We also have the special case 



AcA„ 



=t(i?G«--'^(f)) e £bk c 8. 

Finally, in the infrared regime 

q+<q<s AeL 

AeAs-,-, 

where F^'-^'^+H/, j) = RG'^^-'^~ j)) . 

Since V^^''^^\f , j) agrees with ^^'"'''"^(0,0) on all unit cubes A ^ Ag^_q_, it is easy to see that 

i?G'?+-«- (v^^'^''-)(/,j)) agrees with i?G'?+-'^- (f^'''"-) (0, 0)) 
on all unit cubes A ^ Aq = A(0) the unit cube containing the origin. 



Thus 



or 



pt 
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This property remains true for the next iterates since the only difference with the bulk now only happens 
in A(0). 

Therefore no summation over A is needed in the formula for Sj^^ {f , j) which thus reduces to 



q+<q<s 

After these prepatory steps we can now address the estimates needed in order to take the r — > — oo and 
s — >■ oo limits. 



10.2. The ultraviolet regime. We first need an analogue of Lemma 15^ for the function 6b. 



Lemma 79. For e small, for all v such that \\v\ \ < — we have 



\DlSb\\ = sup 



\Dl5b[v',v"] 



v'.v''^0 \\v'\\ X \\v"\ 



< 2. 



Proof: Recall that 



where 



Sb{Sg, /X, R) = <56'=-^P""*((5g, /x, R) + (56"°p""*(55, h, R) 



and 



Sb'^^''"'{Sg,^,,R)^U9 + S9,^^,R) . 
using the same notations as in Lemma IBHl we have 

DlSb^^'P^'^'lv^v"] = 2AiSg'6g" + 2Az^i' ^i" . 
Now, using Co(0), ||r||ioo < 2, we have 

IA4I <12L3||r||2^||r|||2 +48i^ X 2 X ||r||L=e||r||i2 +72L" x 4 x \\T\\l2 



< 



48L^ + 192Lt^ + 288L 

3 



lrl|2 



48i^ + 192iT^ + 2%%L'\ —L-'Ai < „ 
/ 36 



with 



^4,max = (48^3 + 192X1 + 288) X — Ai,„,ax • 



Likewise IA5I < As^max with 



Thus 



A^ mSLX X ^„j4i j;jiax. 

36 



|^2^^cxplicit[^,^^,»]| < 2||z;'|| X \\v"\\ [2A4,„,ax5'"^ + 2A5,„,axff'^=] 



Now if ||w|| < — then we can use Cauchy's formula 



^2^^implicitr , /n ^ _J_ I <^ 

" ^ ' ^ (2z^)2 J \l 



1 / d\i / d\2 ^, implicit r , \ I , \ "1 
Ob ' W + \iV + A2W 



2 r XI 
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where the contours are given by |Ai| = gj]"^' I'^^l = sff"^' '^^'^^ from Theorem |4] 

\Dl5b''^'P^'"'[v',v"]\ <S\\v'\\ X 8||t;"|| x Bog"" x sup \\v + Xiv' + \2v"\\ 
<64||?;'|| X X Bog"" x i . 

Combining both bounds we obtain 



\Dl5b[v',v"]\ < \\v'\\ X \\v"\\ [4Ai,m..f"' + 4.A5,n...f"'' 
Since 64, 62, > the lemma follows by making g, i.e., e small enough. 



i^Bog" 



□ 



Lemma 80. For e small and for all v such that \\v\\ < 



Proof: Now for ||t;|| < - 
M 11-2 



in., II \DJb[v']\ ^ ^ 

\Dydb\\ = sup — - — - — < 1. 

v'^o \\v'\\ 



^^^^^expiicitj^q = 2A4{g + Sg)6g' + 2A5fin' 



|i^„,5&^'^P""*K]| < 2A4,n.ax X |g X f'\\v'\\+2A5,n... X X \\v' \ 

If furthermore ||w|| < — then we can write Cauchy's formula 



and deduce 



on the contour lAI 



1 



4 u' 



Thus for ||u|| < ^, 



|D„,56™P""*[i/]| < 4||w'|| X Bog"" x - 



\\DJb\\ < 3A4,n.ax5'' + ' + A,max5''' + '^Bof" . 

Again the last expression can be made as small as we want provided e is small enough. 



□ 



Using the mean value theorem or Taylor's formula with integral remainder we immediately obtain as 
before the following lemma. 



Lemma 81. For e small 
(1) For all V with \ \v\\ < 



1 



\\D,,Sb - D^Jb\\ < 2\\v-v^ 
(2) For all v, w such that \\v\\, \\w\\ < — 



and 



\\6b{v + w) - 6b{v)\\ < \\w\\ 
\\Sb{v + w) - Sb{v) - Dy5b[w]\\ < \\w\ 
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□ 



Wc now resume the analysis of the expression for S^'^ {f,j) derived in the last section 
Adding and subtracting terms linear in we write 



-YoZl,L^''-+ J2 [-<y2e^2] 



J2 L3(,_-9-1)^ 



r<q<q- 



where /C^^ = 5h [i?G«-'- (i- - alX{j~^e^.)] - 5b [i?G«-''(^')] + (<55 o i?G«-'-) [alY^j^e^.] 



Now/Cx =/C'~ +/C'-J where 

^^.9 A,g A,g 



and 



We already know ||i?G'?"''(w)|| < -. 

If the same is true for RG''^^ (v — a[X2j^s^2^ then Lemmas [5T] and [501 imply 

||/C^ II < ||i?G^-'- (« - <Y2he^.) RG'^-^ivW 



and 



\\IClJ < \\RG'^-'' {v - alY2j^e^2) - RG^-^[v) + D^RG^-^ [a^Y^r^e^^] 



We assume Wa^- '^Y2j^e^2\\ < J, which implies \\alY2j^e^2\ \ < ^^^^^^ for aU q < q- 



240Ci(e) 



240Ci(e) 



Lemma FMl guarantees that 
is well defined and has norm at most — . 

The telescoping sum argument at the beginning of the proof of lemma [76] with n — q ~ 1^ k — 0, and 

w = -alY2j^e^2 gives 

WRG"-'' {v - a:^Y2j^e^2) - RG'^-^{v) + D,,RG'^-^ [<>^2jAe0^] II 



--WRG'^-^ (i> + a-'-^-'-^ij?! ~ RG^-^'iv) - D^RG"-'' 



q—r 

<^850Ci(e)2||u;|pa-2 {c,ie)a-y 

i=0 

1 



<850Ci(e)2||u;||2 



al - C3(e) 



<-^Ci(e) ||u;|| 

=1700L-3Ci(e)2a-2(9-9-i) | ja^— ly^j^e^^ | 



' 2402 X 8 " 
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where we used the bound in ([M)) to go from the fourth to the fifth line as well as L > 2 in the last line. 
On the other hand, 



So by the previous bound, Lemma [7T] and Lemma 1551 we obtain 

WRG"-"^ {v - a[l2jAe^2) - i?G'-'^(i;)| | <a-2(9— ^-D + 10Ci(e)||u;|| 



Hence ||/C~ J| < a-^l?--?-!) and ||/C~ J| < {^—j a~^^'^-~'^-^l With these two bounds in hand we can 
write the estimate ||/C^^|| < 3a~^^'^^~'^~^^ for simplicity. 

Y2 is a strictly positive quantity that will be fixed later and we have that ||e02 1| = 1 1(0, 1, 0)|| = g^'^^ . So 
the previous construction and bounds work if 

(55) lljllioo < [2A0C,{e)al-'Y2r''T' ■ 



We will later also show L^ce^^ < 1 which will imply that L^^"^- ^''II^Agll summable with 

uniform bounds with respect to the UV cut-off r. 
We now analyze the quantity 

We change the summation index to n = g — r and rewrite the differential using the chain rule and get 
nr=L^^- i-YoZ^,-Y2 i"'<"+''+'^«ui?i?G"H^^'[^.i?G"[e^2]] 

V n=Q ) 



-Y^Zl-Y2 ^ 

n=0 



— 3(n+r+l) r+n 



Q:;+"7^flG"(.)^6 [r„(f)[e^2]] 



/ g_-r-l \ 

\ Ji=0 / 

with S„ = i:)fl,G„(^,)(56 [T„(u)[e02]] . 
Note that from Lemma [SSI we have L~^au < 1. But from Lemmas [7T1 and 1501 we have 

\DRG^Sb [T„(iO[e^2]] I <\\DjiG'^^v)Sb\\ x 10 x ||T„(z;)||<> x ||e^2|| 
<10Ci(e)5-^^ . 
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We then see that is bounded uniformly with respect to n. Hence 

oo 

T = ^(i~^au)" S„ converge 



n=0 

and wc can write 

Since L^^^au < 1 and ?- — )• — oo we choose Yq, Y2, and Zq so that the dangerous first two terms cancel. 
Namely, we set: 

Then 



n—q- —r 

00 

after changing the summation index to A; = n — g_ + r. 

Provided one shows that lim S„ = Soo exists, the discrete dominated convergence theorem will immedi- 
ately imply 

r\ Soo 

lim ilr = 



r— f — 00 



1 - L-3au 



Now 

|S„ - Dyjb [T^{v)[e^2]] I < |£)^G„(.„)(56 [r„(z;)[e02]] - D„Jb [Tn{v)[e^2]] \ + \DyJb [Tn{v)[e^2] - T^{v)[e^2]] \ 

<2\\RG'\v) - v,\\ X 10C,{e)\\e^2\\ + \\T^{v)~TM\\ x lle^^H . 

Above we used Lemmas [8T1 [8OI and [Til Finally, Proposition |6] and Lemma [73] ensure that the limit of the 
S„ exists and is given by Sqo • 

As a consequence of the previous considerations and Theorem [5] we see that 



lim 5,Y^(/,3)=5T^UV(/; ■)^ith 

r—> — QO 
s—>oo 



AcA 



1+ 



+ J2 L'^'^—'-'^ {6b{^iv,~alY2j^e^2)) - 6b{v,) + alY2j^D^MToo{v)ie^2)] 

q<q- 

The latter is easily seen to be analytic in j in the domain < [240Ci(e)a-|^"~^F25~'^^] ^ of (Q^, C). 
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Note that there is no dependence on / for this piece. In fact the finite cut-off quantity Sj^-^^ {f,j) does 
not depend on / nor s. 

10.3. The middle regime. From here onwards we make additional requirements on the exponents defining 
our norms: 



(56) 



1 — 77 < ei < 62 < 63 < 64 < 2 — 277 



(57) 



ei, 62 < 1 



(58) 



2 — 277 < ew < min(e3, 1) + 64 



We also introduce the notation V for the approximate fixed point in fbk- Namely we set Va = (5, 0, . . . , 0) 
for all A g L. We note that i?Gex is well defined and analytic on B{V, i). 

We will next establish some very coarse bounds on the expansion of deviations which will be enough for 
the control of the middle regime. The next lemmas all assume that one is in the small e regime. The first 
one is a refinement of Lemma 1371 

Lemma 82. Suppose that V G B{V , i). Then for fc = 1, 2, 3, 4 one has the following bound for all A' G L 



6l3k,i.A'[V] 



<l{l<k< 4}OiL^, 



where Oi = ^ . 
Proof: From the definition wc get 



k + b<4 \ (k + b) 



b>l \ k\b\ 
The fact that (^/3fe,i,A' [^] vanishes for fc = 4 is immediate. 
We bound the Feynman Diagrams appearing in the formula above: 
b 



Pk+b 



]1 



fc + 6 < 4 
b > 1 



f 



f 



Pk+b 



< 1 



fc + & < 4 
6> 1 



|r||^i X X max \l3k+b,A\ 

Ae[L-iA'] 



^ , max I max iP-i a 

V2 2 y fc+i<i<4 VAe[L-iA'] ■'' 



< _ rio™'n(efc+i.i) 
- 4 y 



In the last line wc used 6 > 1 and e < 1 so 3 — 6[(/>] < |. We also dropped the factor of We used ([55)1 



to bound max ( max I/?, a| 1 by max ( —q, — 0'^'=+^ 
fc+i<j<4 I Ae[L-iA'l i^-'^'^i; V 2^ 2^ 



We use this bound on Feynman diagrams to get the following bound valid for fc = 1 and 2: 



6Pk,iMV] 



r"<r-i:«{':>f'}^^-*'(i^*»" 



^(efc + l4) 



b > 1 
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fc! 6! 



In going to the second line we used that for = 1, 2 one has niin(efc+i, 1) > e^., this is a consequence of 
([5^ and ^7^. We also dropped the factors of 

For fc = 3 which forces b ~ I we only have one diagram to estimate: 



/34 



< 



■/ 



/ 



/ 

{Pi - 9) 

/' 

(/?4 - -g) 

<ll/|L-iA'||i~ X l|r||Li X X max - g\ 

Ae[L-iA'] 

-4 



In going to the second line we used that 

since V integrates to 0. 
Therefore we have: 



= 



k + b<A 1 (fc + 6)! 5 

h>l \ k\b\ 

+ 5 < 4 1 (fc + b)! 

6 > 1 ) /c! 6! 



1 5 V — ^ , 



In going to the second line we used that 64 > 63 which is a consequence of (|56 
We now observe that: 



b> 1 



fc! 6! 



This proves the lemma. 



□ 



Lemma 83. Suppose that V G BiV , Then one has the following hounds for the and Wg components 
ofV' ^RGo^V]. 



For all A' G L and for k ~ 5 or 6 

where O2 — 14. 
Proof: For fc = 5 we have: 



\W: < L^-^^'^^ max |I^5A'| + 6L" 
' "^"^ ' - Ae[L-iA'] 

We bound each of the diagrams: 





/' 










5[0] 


We 






k 





Pa Pa 
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6L 



-5. 



<6L- 



|l-ia'IU°° X l|r||Li X X max |W6,a| 



2 

<3^3-6[0]-e„ 

-2 ^ ■ 



V2 



3-2[. 



Ae[L-iA'] 

, 1 
^3 ^ _-ew 

2^ 



In going to the last line we dropped the factor of We continue to bound the other two diagrams: 



12L- 



=12L"^['*- 

=12i-^ 

<12i"^['*: 

<12i^^["^: 



ifi4-9)p3 9 /33 

ik-g)k 

d^x d^y (/34(x)-g)r(x-y)/33(y) 

(L-iA')2 

X max |/34,A-g| x ||r||Li x max |/33.a| x 

Ae[L-iA'] Ae[-L"iA'] 

1 ^3-2[0]^ ^3 X i^e3+e4 < 3^6-7[0] -63+64 < 37,1^^3+64 

V2 



In going to the second line we used the fact that F integrates to zero. In the last line we used e < 1 so 



that 6 — 7[0] < |. We now move to the third diagram. 



48L" 



Pi 134 



=48i-5[0] 



=48i" 



{(34-9) P4 



y 



9 (34 



f 



{(34-9) (34 

<48L-5[^i x ii/u-iA'iu- X riiLi 

X ||r||ii X X max _ 1/^4, a — g\ 

2 



X max P4.A 

Ae[L-iA'] 



A6[L-iA'] 



Above we used that 6 — 8[(/)] ~ It. Putting this together with our assumption on the size of the unprimcd 
W5 gives us: 

|W5,A'| < ig'"' + + i2Li5'"''^(i''=^)+"* 

where we bounded L^~^^'^'\ and L^-ef^] |-jy jjie _ g^jg^ recall that min(l, 63) + 64 > evi/ 

(assumed in ([58))) to end up with estimate: 

This proves the lemma for the case /c = 5. For fc = 6 wc have: 



\Ka' I ^ II I^6.aI + 8-^""^' 

Ae[L-iA'] 
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/34 /34 



We bound the diagram above: 



Pa /34 



+ 



9 



(/34 - -g) (/34 - -g) (/34 - -g) 



(/34 - 5) (/34 - 5) 
3 



<8i-6[0I X ||r||ii X X I max |/34 A - 5I 

\Ae[L-iA'] 

We plug this back into our earher estimate for iWg.A'l to get: 

|W6,A'| < ^i3-6[0]-ew 4.2L2<=g2e4 

We again bound L^^^I*^! by 1. We also bound by 2 in the small e regime. We also note that 2e4 > ew 
(this is a consequence of (|58|) and ((56)) ). This leaves us with the bound: 



IW^e.A'Iff"'"" < 



This finishes the proof of the lemma. 



□ 



Lemma 84. Suppose that V in B{V^^). Then one has the following hound for the R' component of 
V' = RG^yXV]: for all A' e L 



Proof: We use estimates from 



(59) 



< 



< 



BbcL 



3-5 < 



max |||i?A|||s + II |efl.A' (1^)11 b 

Ae[L-iA'l 



g 



In going to the third line we used that L has been fixed to guarantee BrcL^ ^'"^^ < h- This was done in 



In the last line we used that ^ — 3ij — > which was assumed in (j42|). Thus by requiring e is sufficiently 
small we can guarantee Bji^g^~^^'^'^'^ < i. □ 



Lemma 85. Suppose that V in B{V, i). Then one has the following bound for the fS'^ component of V' = 
RGox[V]: For all A' e L 

Ka' - g\r'' <03 

where O3 — 434 + ©26 with O26 defined in the statement of Lemma lSR 

Proof: Due to our assumption on V for any A G L wc can write /34.a = + SgA where |<5(7a| < ^ff^*"- We 
substitute this into the flow equation to get the following: 
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P'a^i — L 



3-4 . 



(60) 



Ae[L-iA'] 



g + Jgg + ^g Ae[L-iA'] 



We have used the fact that (5/34,i,a[V^] = 0. In the formula above i5/34^2,A' I^l defined to be (5/34,2,A'[m 
with the graph that we have made explicit removed: 



(5/3 



4, 2, A' 



V 



ai ,a2,bi ,b2 ,m. 



a, > , 6, > 1 
m — 1 



x-C(ai,a2|4) x L-('^i+''^)['^l x Co(O) '" x &i- 



(qi (02 + 62)! 

fli! 02! m\ {hi — m)\ (62 — m)\ 

f 

62 — m 



El 



4 + 6 = 5 or 6 1 (fc + 6)! 
6 > J fc! 6! 



4!4! 




Wk+b 




g + dg g + dg 

Indeed, first note that there is no graph with to = 3. This is because this would imply ai,a2 < 1 which 
contradicts 01+02 > 4 imposed by the nonvanishing of the connection coefficient C(oi,a2|4). Also the 
removed graph is the only one with to = 2. This is because 61, 62 > 2 implies oi, 02 < 4 — 2 = 2, but the 
connection coefficient requires 01 + 02 > 4 so we arc forced to have oi = 02 = 2 which implies 61 , 62 < 2 and 
therefore 61 = 62 = 2. 

We note that wc can decompose the graph above as follows: 

^ O -O ^0 

1 + og Q + Sq Q g g So 5g 60 



g + Sg g + Sg 
We now use the fact that g is an approximate fixed point: 



L'g~Aif=L 



3-4 , 




Using this we can write: 



Ae[L-iA'' 



(61) 




mi-'^^'^^ 1 2 

9 Sg 

^4.2,A'm+a,A'[^] • 




Sg Sg 



We now describe how to bound the second and third lines of (j6ip . By the same arguments as used in 
Lemma l38l the contribution of the two graphs on the second line can each be bounded by AL^g^~^^' as follows 
from the very coarse bounds g < g^^^ and \Sg\ < g^^^. This gives us: 
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36L- 




+ 



Sg 




<36 




Sg 



<36 X 3 X 4X^^2-2,, ^ 432L5g2-2r, _ 

Note that in the first line we dropped the factor of L~'^^'^\ The quantity S(3^ 2 A'[^] on. the tliird line 
of (|6ip can be bounded by 02(,L^<f'~^^ as in Lemma [551 (we are overestimating since we are summing over 
fewer graphs). We combine this with the estimate on ^4,a'[^] from Theorem |4] to get 



\P'iA' - 9\ <-L3-4[^1 + (432 + ©26) + B^f^-^^ 

<i2.3-4M + (432 + 026) + l 
<l + (432 + 026) + l 

Note that in going to the second hne that we used 2 — 277 — 64 > 0, this is a consequence of ([55]) . Indeed 
this allows to have _L5^2-2T;-e4 < 1 jn the small e regime. We also used that 64 < en (a consequence of 
(|4T|) ). thus we can guarantee 545'^^"'^*' < 1 for e sufficiently small. In going to the third we used the bound 
i3-4[0] ^ < 2 for e small. □ 



Lemma 86. Suppose that V in B{V,^). Then one has the following hound for the f3'^. components of 
V' = RGc^[V\ when fc 1, 2, 3; for all A' e L 



where O4 = Oi + 2. 
Proof: From the flow equations one has: 



I4.A'I< 



L- 



Ae[L-iA'] 



Sfik 



< L 



The bound on the third term on the right hand side of the first line is from Lemma [35] and the bound 



on the last term of the first line is from Theorem @ . We used Lemma [52| to bound 
k — 1, 2, 3 we have: 



\V] 



Then for 



<Li + + 1 

In going to the second line we used that Ck+i > which is a consequence of ((56)) . We also used that 
Br > ek and 2 — 277 > which come from ([56| and (|41]) . Thus the sum of the last two terms on the first 
line can be made smaller than 1 by requiring that e be sufficiently small. We also used that for e < 1 and 
fc > 1 one has 3- < |. □ 



Lemma 87. i?Gox is well defined and analytic on B{V,^). Additionally one has the following uniform 
bound for V e B{V,^): 

123 



(62) ||i?Gex[F]-F|| < OsXi 

where O5 = max (O2, O3, O4). 
Proof: 

The fact that the map is well defined and is analytic comes from the Theorem 2] and inspection of the 
formulas for 5f3k,j,A for j = 1,2 and k = 1,2, 3, 4. We now establish the uniform bound. 

Let V' = RGcx[V]. We have the sufficient estimates on for k = 1,2,3,4 from Lemmas [85l and [86l We 
have sufficient estimates on W^, for = 5 and 6 from Lemma [83l A sufficient estimate on R' comes from 
Lemma EH All that is left is estimating /'. 



Note that for any A' e L we have 



<2,3-1*Il3-1*I max |/a| 

Ae[L-iA'] 

<^3-[0]^3-[0] f l^-(3-[0])\ ^ i^3-[0] < 



2 J 2 - 2 

ch implies 3— [(/)] < |. Finally 
to get the formula for the constant O5. □ 



On the last line we used the assumption e < 1 which implies 3— [(/)] < |. Finally note that | < ^ < 14 = O2 



Proposition 10. For any V'^,V'^ G B{V, ^) one has: 

\\RG,x[V^] - RG,4V']\\ < OqL^IV' - V\ 

where Og = 4O5. 
Proof: 

By Lemma l87l we know that RGcx is an analytic map taking B{V,^) into O5L2). We get the 

desired inequality by applying Lemma [1] with the choice v = ^. □ 

After the previous estimates we now return to the analysis of the r ~oo and s — >■ 00 limits of Sji!^^ (/, j) 
which in fact docs not depend on s such that s > (7+. Since the summation range g_ < g < g+ is fixed 
and finite, all we need is to show that RGcx remain in the domains of definition and analyticity, despite the 
temporary expansion with rate controlled by Lemma [87] and Proposition 1101 

The quantity of interest, as delivered by ^ 310.11 is 



AcA,^_,_i 



where 



with 



It follows from our definitions for the norms and the reinjection map J7 that 

max-i max \\RG''—'-{v-alY2~]^-,^^e^2)^RG'i-~^{v) 



We also have 

||/^(_,_)|U~=L(3- 
We slightly strengthen the requirement in (j55p by imposing 

WjWl^ < [240Ci(e)<-y25"'^1"' 

which implies 

II - <"^2ji-<!-Ae0HI < 



240Ci(e) 

for aU A e L such that A C Ag^^q_. Thus by Lemma [78] 

WRC^—iv ~ ^ysjV-Ae^O - RG'^-~^{v)\\ < llCi(e)|| - a^Y^j^-.^ ^e^2\\ 

and therefore 

I|t7(''''^-H/~ j)-^^''''-nO,0)|| <max{L(3-[^l)«i|/||i^,llCi(eK-y25-^^ x ||j|Uoo} . 

On the other hand, minding the g shift for components only, we easily see that 

||y('''«-H0,0)-F|| = \\L(RG'^--''iv))-V\\ = ||i?G'«--''(v)|| 

where the latter quantity can be computed as in section SjHl i.e., via the norm inherited by £ from S^x and 
expressed in {6g, fi, R) coordinates. 

By construction of W^'^°'^, ||i?G''-~'"(v)|| < | with p e (O, J2) as yet unspecified. We thus have 

||F('-^''-)(0,0)-^||<^. 

Provided we also have 

(OeLiy^'"' xmax{L(3-[^l)?-||/||i^,llCi(eK-y25"'^ x ||j|U^} < ^ 
then a trivial inductive application of Proposition 1101 will garantee that for all q, q- < q < q+, 

\\Vir,1-}^fJ)^V\\<^ 

so one remains, throughout the iterations, in the domain of definition and analyticity of RGcx as well as the 
6b functions. 

As a result of Theorem [5] we then immediately obtain, regardless of the order of limits, 

hm S^f^ifJ)^S^'''^ifJ) 



r-^ — oo 
s^oo 



where 



with 



9-<9<9+ A6L 



fo 



r 



Analyticity of S'^'^^^ {f , j) is also immediate. 

For the purposes of the next section we also note that t7('''''+)(y^ j) satisfies the bound 
(64) 

l|V'("''+^(/,j)-l7('^''+'(0,0)|| < (OeLt)'^ X max 11/11^^^ x 
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10.4. The infrared regime. In this section we are concerned with showing that essentiahy the differential 
of RGcx at any suitable Vbk G £bk in any direction V € £pt is a contraction. 



We will introduce new notation to facilitate the lemmas below. For Vbk G ^bk we write: 

Vhk ~ {^klAeL ~ {{f^i.hk, ■ • ■ , /?l,bk, W^S^bk, Wgjjk, fhk, Rhk)} ^^j^ ■ 

Note that we do need to burden the notation with A subscripts since the quantities above are independent 
of the box A by definition of being in £bk- 
Similarly for V G £pt we write: 

V^\Va} = i(/34,A,...,/3l,A,W^5,A,W^6.A,/A,i?A)| 

L J AeL L , , , J 

Note that Va = for A 7^ A(0). We also recall that i?Gcx[Vlk + V]- i?Gcx[14k] G •^^pt and so in our 
estimates we are only concerned with the A(0) component of RGcx[Vhk + V] — i?G'ox[Vbk] S £pt- 

Lemma 88. Let Vhk & B{V, j) n £hk and V e B{0, j) n £pt. Then one has the bound for k ~ 1, 2, 3, 4 and 
all A' e L; 



^/5fc,l,A(0) 

where Or ^ (6 + 21 x 2i 



fe,l,A(0) 



V^bk 



g-""- < ]1{1 < fc < 3}07£"3||y| 



Proof: We again note that the vanishing for fc = 4 follows by inspection of the definition of ^/3fc.i,A(o)- We 
now observe that ^/3fc,i,A(o) [^bk] vanishes. Indeed, by definition we have 



%,l,A(0)[H>k] 

However one has that 



fc + 6 < 4 
6> 1 



(fc + &)! 
k\ h\ 



bk 



L- 




bk 



bk 



;^bk 




/bk 



. 



Pk+b,hk 

This is because we have at least one integration vertex of degree 1 which has been assigned a coupling /bk 
which is constant over the integration region L~^A(0). Using ultramctricity and the fact that V integrates 
to allows one to show that after integrating any of the /bk vertices the entire integral vanishes. So 



'5/3fc4,A(o)[^bk] = . 
We now turn to (5/3fc,i,A(o) [^bk + V]. From the definition we have: 



/bk + / V . . . /bk + / 



/3fc+h,bk + Pk+b 




b 

Under the assumption that 6 > 1 we have: 



In the sum above only the j = term can be no n- vanishing, 
integration vertex of degree 1 with a bulk variable assigned to it. 
for ^/3fe,i,A(o) perform more manipulations: 



all other diagrams will have at least one 
We substitute this back into our formula 



(65) 



k + b<4 \ ik + b)\ ^_,[, 



(66) 



= - {k + l)L~''^' 



b>l ( klb\ 

/3fc+i,bk + /3fe+i 



/3fc+b,bk + /3fc+b 



/ 




/ 



6 > 2 J klbl 

f3k+b,hk + Pk+b 

where we have isolated the 6 = 1 term. Note that for = 3 the sum on the last line is empty. We now 
bound the diagrams appearing above: 





< 




+ 




/3fc+l,bk + Pk+l 




h+1 




/3fc+l,bk 



(67) 



Pk+1 



f 



= /(O) X r(0) X /3fe+i,A(o) 
<2 {\\V\\r^+^ 



In going to the third to last line we used local constancy at unit scale and the fact that all the couplings 
were supported at A(0) so we did not really do any integration. In going to the second to last line we used 
the bound |r(0)| < 2 which comes from LemmaO In going to the last line we used the bound — (3 — [0]) < — |. 

For fc = 3 we immediately have the bound: 



<4l-m X 2L-^\\V\\'^g''^g-'"' 
<82.-f |i'>ii2 



|^/33,i,A(o)| g 



Note that in going to the last line we dropped the factor of L~^^'^^ and used 64 > 63. This proves the 
lemma for the case = 3. We now bound the remaining diagrams to prove the lemma for the cases fc = 1 
and k = 2. Before note that in these two cases /c + 6 = 3 or 4 because we also assume b> 2. 

If fc + 5 = 4 then, because of the domain hypotheses for our lemma and noting the g shift for the 
component of the bulk, we must have 

|/3fc+6,bk| + \Pb+k\ 



<.9+4.r 



1 



4^ 



This is because of our assumptions ei, 62 < 1 < 64. 
If fc + 6 = 3 then 



i/3fc+b.bki + \Pb+k\ < + < 

because of the assumption ei < 62 < 63. So in all relevent cases we can use ^g'^^ as a bound, as we do next. 
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fc + 6 < 4 
b>2 



/3fe+6,bk + /3fe+6 



<]1 



+ 6 < 4 
b>2 



/(O) 



(68) 



X |/36+fe,bk| 



2 3 



d^^cc |r(a;) 



<3 X 2^/^L-^\\V\fg'"' . 

For the bound on the first hne we used the fact that all the / vertices are pinned to the origin and the only 
integration occurs at the I3b^k,hk + Pb+k vertex which has been left with b copies of the fluctuation covariance. 

In going to the second to last line we used the bound |/(0)|'' < |/(0)p since b > 2 and |/(0)| < 1. For 
that same line also used the following bound which is valid for 2 < 6 < 4: 



/ d^x |r(x)|''<||r|Ui||r||5-J 



<25/2_^3-2[0] ^ 

Note that we have used fluctuation covariance bounds of Corollary [1] and Lemma [S] Thus we can use (|67] 
to get the following bound for fc = 1 and k = 2: 



(69) 



k + b<4 1 (fc + 6)! 
6 > 2 f fc! 6! 



/3fc+b,bk + l^k+b 



b 



fc + 6 < 4 1 (fc + 6)! 
6 > 2 I fc! 6! 



X 3 X 23/2L-3||f ||2^e. 



<21 X 23/2L-3||p.||2-efc 

Note in going to the last line we dropped the factors of L~'^['^l and used that 

fc + 6 < 4 1 (fc + 6)! 



max 

k= 



6 > 2 



fc! 6! 



7 



Finally by inserting the bound (|^7|) and into (p5)) we get the following bound for fc = 1 and fc = 2: 



Sl3k,i,A(o)[yb^ + V] r"" <(fc + l) X 2L' 



< 6 + 21 X 22 L^i 



>l|2 



21 X 2^^^L-^\\V\\^ 



In going to the last line we simply bounded L hy L 4 . This proves the lemma for fc = 1 and fc = 2 



which finishes the proof. 



□ 



Lemma 89. For fc = 1,2,3,4 and for all A' e L one has that Sbk.2,A' [•] md S,k,A' [•] analytic functions 
on B{V, -i) taking values in C. In particular one has the following bounds for any , G B{V, ^) 



(70) 



fc,2.A' 



k.2,A' 
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(71) 



k.A' 



g-e^ < llyl „ -(72 

y - 100 " 



Proof: The statement of analyticity for 5(3k,2.A' immediate from the formulas that define SPk.2,A'- To 
establish the bound (j70p we first use Lemma |38] which gives us the following uniform bound for all V G 



2, A' 



V 



Thus by applying Lemma [T] with ^ h we have: 



9 



Note that we have 2 — 2ry — > as a consequence of (|56p . thus by making epsilon sufficiently small we 
can guarantee 2026^^5^"'^'' '^'° ^ which proves (|70p . 

For ^k,A' we have both analyticity and the following uniform bound for V G B{V , i) as consequences of 
Theorem |4l 



< Bi, X -f 



We again use Lemma [T] with v 



to get: 



^kMy^]~ikMy^] < 2Bfcr""'Miv'' - v"' 

ise of the assumptions ()4ip 
we can guarantee 2Bkg'^'^~'^'' < which proves ([7T|) . 

Given V^k e -B(y, i) n fbk and V G B(0, i) n £pt we define: 



Note that en > Cfc because of the assumptions ()4ip and ([56| , thus by requiring that e be sufficiently small 

□ 



RGdAVhi., V] = i?Gex[M3k + V]- RGoMi,]. 
Note that, as a subspace of £cx, the space £hh(9£pt is invariant by RGck- Since Vbk + G ^bkffi^pt one has 
a unique decomposition RGex [Vhk + V] = V^y. + V' with V^'j^ G £bk and V' G f pt • Using the locality of RGex 
it is not hard to sec that V^^. = RGcxiVhk] arid V' = RGdv[Vhk, V]- In particular i?Gcx[», •] takes values in £pt. 



Lemma 90. Suppose that Vhk e B{V, j^) n fbk and V G B{0, j^) n Spt- Define V' = i?Gdv[14k, V] and Jo 
k = 1,2,3,4 let j3'f. he the corresponding components ofV'. 



We then have the following bound for k — 1,2,3,4 



P'k 



k,A{0) 



07 



where O7 has been defined in Lemma[ 
Proof: By definition we have: 



(72) 



Ae[L-iA(0)] 
+ {S(ik,l.A{0) 

+ ('5/3fe,2,A(0) 

+ (&,A(0) \Vhk + V 
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^bk 


- %,1.A(0) 


Vhk- 


vv 


^bk 


— '5/3fc_2,A(0) 


V\.k' 





Cfc,A(0) 



14k 



Since /3fe.A is supported on A = A(0) the sum on the first hue only has one non-zero term. We then have 
the bound: 



--fc[, 



A6[L-iA(0)] 



<2-^\\v\\r'' ■ 



In going to the last line we are assuming that L > 2 and e < 1 so that we have L '^["^l < L ["^1 < 2 2 . 
We then combine the estimate above with the lemmas [88l [89l and [90l to get the bound: 



fc,A(0) 



Ojlil <k< 3}L- 



9 

We get the bound of this lemma by dropping the factor of L^i and the indiciator function in the fourth 
term while also observing that 2-24- -L- -(- -1- < |. □ 



Lemma 91. Suppose that Vbk e B{V, \) f] fbk and V G B{0, \) H £pt. Let V' = i?G'dv[^bk, V"] and fo 
fc = 5,6 let W'j. he the corresponding components ofV. 



We then have the following bound for fc = 5, 6 



< 2~ 



where Og =(18+^75 
Proof: For fc = 5 we have: 



w' — r-5[' 



Ae[L-iA(0)] 



(73) 



48i-5[0] 



/bk + / 



^4,bk + Pi /34,bk + Pa 



/ 



f^V + f 



VK6,bk + W^6 



y 



^bk 



/34,bk /34,bk 



/bk 



6,bk 



12L" 



/ ^/33,bk + /33 ^/33,bk\ 

\ /34,bk + Pi Pi,hV ) 

As before using that Ws^a is supported on A = A(0) gives us the bound: 



i-5[0] ^ ^^^^ 
Ag[-L-iA(0)] 

We now bound the various graphs appearing in (|73p . We again note that when a graph has an integration 
vertex of degree one that has been assigned a bulk variable the graph will vanish. This tells us that: 

/bk /33,bk / /bk 

^ / ^ / =0. 

/34,bk /34,bk /34,bk Vy6,bk 
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We use this same observation to break up the non- vanishing graphs and show that their contribution is 
second order in \ \V\\. For example: 



/bk + / 



+ 



bk 



/34,bk + /34 /?4,bk + /34 /34 /34,bk + f^i 



/34,bk /34,bk + 



y 



f 



y 



bk 



/54,bk /34,bk + /54 Pi /34,bk + /34 



Pi /34,bk + /34 



after expanding the two outer vertices of valence one. 
We then have 



y 



fx 



bk 



Pi.h\L + Pi Pi.h\, + Pi 



I 



< 



y 



f 



(74) 



Pi Pi,hk + Pi 

/(O) X /34,A(0) X (|/34.bk|+ /34,A(0) ) X / d^x \T{x)f 

3 



<3 X 2-5 L- ['^151+'='' 
<3 X 2"3^i+'=-'IIt'/I|2 



Note that in going to the second to last line we again used the bound: 

/ d3x|r(a;)|" < 2"-iL3-2[0] ^ 
"'0?, 



Proceeding similarly for the other graphs we have: 

/bk + / 

M^6,bk + We 



(75) 





y 














We 




/(O) 


X 


We^A{Q) 


X \m\ 



In going to the last line we used the bound |r(0)| < 2 which is a consequence of Corollary [T] We also 
dropped the factor of <; <; We continue to the last graph we need to bound for W^^: 



(76) 



Pi,h\i + Pi 



/33,bk + P?, 



< 



Pi 



= PiA(o) X Pz.A[o) X |r(0)| 

<2||y|p5'=^+^3 



Using the bounds ([74|) . ([75|) . and (|76|) in (|73|) gives us the bound: 
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5,A(0) 



9 



L- 



X 3 X 2"2 g 



l+e^ — e-iY 



6 X 2 + 12 X 25' 



£4+63— ew 



<2"5||1/|| + 2"5 

=2-5||l/|| + ( 18 



48 X 3 X 2-5 + 6 X 2 + 12 X 2 
9 

In going to the second line we used the fact that e < 1 and i > 2 to bound L~5["^l <2~i. We also used 
that 1 + 64 — ew > and 1 + 64 — ew > 0, these are both consequences of (|58p . This proves the lemma for 
/s = 5. 

For fc = 6 we have: 



'^6,A(0) --'^ 



(77) 



J2 ^6,A 

Ae[L-iA(0)] 



- 8L-6[*1 



J4,bk 



/34,bk + /34 



54, bk 



Proceeding as last time we see: 



A6[L-iA(0)] 



< L-6['^l||T/||g"»' 



and 



4,bk 



' Pi.h\i + /34 



0, 



I3i 



/34,bk /34,bk + /54 Pi 

which simplifies the right-hand side of (|77p. We now bound the contributing graph: 



(78) 



Pi 



=l/?4,A(o)l' X |r(o)| 



<2||1/||V'^ . 

Inserting (|78p along with the our earlier bound into ([77]) gives us: 



^6,A(0) 



2 — 2e4 — 



<2- 



In going to the last line we used our assumption that e < 1 and L > 2 to bound L-^["^l < 2"^. We also 
used that 2e4 — ew > which is a consequence of ((58)) and ([56|. This proves the bound of our lemma for 
the case fc = 6 which finishes the proof. □ 

Lemma 92. For any A' G L let R'^,\V] be the corresponding component o/i?Gex[^]- 
Let V^,V^ £ B{V, ^). Then one has the following bound: 

97 ^ ^ 

m'A'[v']^R'A[v']\\\s r'''<^\\v'^v'\\ . 

Proof: By Theorem |4] and Lemma [84l we have that R'^,[»] is an analytic function from B{V, ^) C Sex into 



B{0, f g*^") C C^jj(M, C) where we are using the norm 
v = to get the bound: 



on C|^j(M, C). One can then use Lemma[T]with 
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2 \^ 10) 



27. 
'32 



This proves the lemma. 



□ 



Lemma 93. Suppose that e B{V , ^) n £:bk a^irf V G B(0, n E^f Let V' = i?Gdv[^bk, V]- Then 
has the following hound: 



\v'\\<- 

' " - 32 



Oc 



where Og = max(07, Og). 



Proof: Note that V^, is supported on A' = A(0). The necessary estimates for the /?' and W' components 
of V' come from Lemmas IMl and W\\ For the R bound we note that by Lemma [Ml one has: 



A(0)lll93 



i?k(o)[^bk + T>]-i?k(o)[^bk]|||,5 



< 



27 
32 



The last component we must estimate is /' which can be done easily. 



27 



E /A 

Ae[L-iA(0)] 



^-(3- 



<- 



32 

In going to the second line we used the fact that /a is supported on A = A(0). In going to the last line 
our assumptions that e < 1 and L > 2 give us that L^I"^! < 2~^ < ||. The lemma is then proved. 

□ 

Proposition 11. Suppose that Vbi^ £ B{V , j^)n£hk and V & B{0,Oio)n£pt where Oio — mm{j^, -^Og^) . 
Let V' = -RGdv[Vbk,^] Then one has the following hound: 

\\v'\\<Y^\\v\\ . 

Proof: This proposition is a direct consequence of Lemma [93l 

□ 

For the control of the infrared contributions to the log-moment generating function we will finally need a 
very coarse Lipschitz estimate on the 5h functions. 

Lemma 94. For all , in B {V , i) we have 

l'^6A(o)[V^']-^feA(o)["^^']| <4||yi-y'|| . 

Proof: By our assumptions on exponents, — t^|| < 5 implies one is in the domain of applicability of 
Theorem m as well as all the lemmas that led to its proof. In particular Lemma with A = 1 gives us the 
bound |<56a(o)[^]| 1 provided Oao-L^gis ^ 3 < l. However we can take the latter for granted since we 
are in the small e regime and — \rjR > 0. Now Lemma [T] with v — ^ immediately produces the desired 
estimate. □ 
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Now recall from TOTD tliat 



(0) 



5b; 



.(0) 



(0,0) 



q+<q<s 



where 



With a view to lighten the notation we write 

where 
and 



We will control the latter via Proposition [TTl 
First note that 



bk 



V\\^\\RG'^-^{v)\\<'- 



To make this at most ^ we add the new requirement on p: 

3 

^-40 ■ 

If we can ensure that || < Oio then a trivial inductive use of Proposition [TT] will imply that 

9-9+ 

lll^^'-'^^ll <OioX (^^ 

for all g, such that q+ < q < s. We again include the value s although it does not belong to what we called 
the infrared regime in order to pass the baton to the next section about controlling the boundary term. In 
view of ()64p . we now impose the new domain condition 



(79) 



(OeLi) ^ ' X max{L(3-[^l)9-||/||i„.,llCi(eXr2.g-^^ x < Oio 



Now Proposition [11] followed by Lemma [M] imply that for any q with q+ < q < s we have 

9-9+ 



Sb 



'A(O) 



5A(0) 



^?('''«H0,0) 



< 40io X 



Hence we get the uniform absolute convergence of the sum over q needed to say 



r— — oo 
s— >-oo 



with 



where 



9=9+ 



and V^~°°''^-\f ^ j) has been defined in ((63)) . The limit S^'^^{f , j) is analytic and the order of the r —oo, 
s — > oo limits is immaterial. 
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10.5. The boundary term. Let V G £cx and simply denote by 

(/34,/33,/32,/3i,W^5,W^6,/,i?) eC^ X CU^,C) 
its component at A = A(0). We let 

dZ[V] = J AncM ef-^ X {exp {-(i^ : c^^ -.Co -h ■ f -Co '(^2 : :co -/?! : </> ■c) 

X (1 + : 0' :Co +^6 : :co) + 

which reduces to an integral over a single real variable still denoted by (/>. Let 32^* = dZ\i(v^y\ which is the 
value at the infrared fixed point. We have 



dZ^ = J d^c'o(0) {exp (-g* : 0"* :co "M* : 0^ :Co) + 

with g^, = ^ + Recall that 5*, /x*, i?* are real. Note that by Jensen's inequality and the basic properties 
of Wick ordering on has the lower bound 



d/^Co('/') exp (-5* : (j)"^ -.Co -M* 4>^ '-Co) > exp ^- j d/iCo(0) {g* ■ 'jy' --Co +M* : '/'^ -Co)^ 



1 



Besides 



< sup \R*{(t>)\ < SUp\\R^{(f>)\\g^,^^h 

0eR 06E 



*MIS-.y ^3 



Since e/? > £4 + 1 > 2, 5 < 1 and p < we clearly have dZ^ > ^. 
Now if ||f - V'll < i it is easy to see that \dZ[V]\ < C^ie) with 



exp 



-90'* + -g 



3-1-,, 



+ 1302 + 7101 + 14) 



X ( 1 + ^.9^-^" 



+ 60101) + -g2-2>,r^6 



(0^ + 300^^ + 18002 + 120)^ 



1 

+ 2^ 



eH-2 



Indeed, by undoing the Wick ordering 

-5R [I3i : 04 :c„ +/33 : 0' :co +/32 : 0' :co : :Co] = -9<t>^ ~ Y{(P) 

with 

y(0) =3?(/34 - 5)0' 

+ (5i^3)0' 

+ (3f?/32-6Co(O)5R/34)0' 

+ (3fi/3i-3Co(O)5R/33)0 

+ (-Co(0)5R/32 + 3Co(0)23?/34) . 

Using |3?(/?4 — 5)1 < ^g'^'' < \g for the fourth degree monomial and |3?/3fc| < fg^"'' for fc = 1,2,3,4 when 
bounding the lower degree monomials, and finally using Co(0) < 2 we obtain 

|r(0)| < 3 ^|^|3 ^ ^ ^1^1 ^ ^ 

The bounds on Wk ■ 0'^ :coi for fc = 5, 6 arc similar and use the explicit Wick ordering formulas given in the 
proof of Lemma [21] 
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Since dZ[V] is clearly analytic in the domain — ^|| < |, Lemma[T]with v = ^ tell us that for all ^ 
in B (y, ^) one has the Lipschitz estimate 

\dZ[V^] - dZ[V^]\ < 4C5(e)||yi -V^W ■ 
We now have, using the outcome of the discussion for the infrared regime 



\dZrAfJ)-dZ*\ = \dZ[V^-' 
< 4C5(e) X 



if,j)]-dz[iM]\ 

< 4C5(e)x \\V'^'-^'^\\ + \\RG"''{v) 



< 4C5(e)x 



O 



10 X 



16 



+ ci(er 



One of course has a similar and simpler estimate for the quantity 92^^,5 (0, 0) appearing in the denominator of 
the boundary ratio. Namely, the Oio term is absent. Bounding ci(e)*'~'' by ci(e)''~''+ and using the previous 



lower bound dZ^, > ^ we see that 



dZr,sif,j) 



1 



9Z,,,(0,0) 

when s — ?> oo, uniformly in r < g_. Therefore the boundary term iS"""'^^ disappears when r - 
regardless of the order of limits. 

11. Construction of the limit measures and invariance properties 

As a consequence of what we have shown in the previous section we see that 

Sr.sifJ) = exp (^5^,(7, j)) 

converges uniformly to the analytic function 

S{f,j) = exp 



-oo. s 



oo 



in a suitable neighborhood of / = j = in Sq_ (Qp, C), when r — !• —oo and s — > oo. Using the multivariate 
Cauchy formula it is immediate that the cut-off correlators 



{2m) 



Znfn,Uljl 



converge to the similar integrals with S instead of Sr.s- The contours of integration are governed by the 
domain condition (j79p . We define our mixed correlators by 



(2i7r)" 



+m 



+ Znfn,Uiji + 



j=l 3 k=l 



^m.7m ) 



which are multilinear in the /'s and j's. Because of the uniform bounds on Sj^, and therefore on , proved 

in the last section and thanks to Cauchy's formula, it is immediate that the pure (j) or N[(j)'^] correlators 
will satisfy Condition 4) in Theorem [2] The other conditions are satisfied by the cut-off correlators (• • • )r,s 
as joint moments of random variables obtained from the probability measures iyr,s- As these properties are 
preserved in the limit r — > — oo and s — > oo we can use Theorem [5] to affirm the existence and uniqueness 
of the measures and 1^02 mentioned in Theorem |31 By the uniqueness part of Theorem [51 the invariance 
properties of the measures and follow from those of the moments. Hence it is enough to show Parts 
1) and 2) of Theorem [3] These are easier to prove from the functional integral definitions of the cut-off 
correlators. 

136 



Indeed, one can trivially check that for M E GL^{'Lp) one has 

(0(M • /i) • • • 0(M • /„) Nr[^\M ■ ji) ■ ■ ■ Nr[4>'']iM ■ In))^ 
'Mil) ■ ■ ■ 4>{fn) Nr[4>']Cjl) ■ ■ ■ Nri^'Kjm) ] 



because d^Cr invariant by rotation and M ■ Ag — Ag 
Also ify eQl with |y| < then 



0(/l) • • • 4>ifn) Nr[4>%jl) ■ ■ ■ Nr[4>\j„ 

because As is unchanged by this translation as results from ultranietricity. 
Finally, by changing variables from (j) to one has 

• A) • • • 0(i • /„) Nr[4>^]{L ■ ~3i) ■ ■ ■ Nr[i\L ■ i™))^ ^ = 

\ / r+l,s + l L J L . 

Noting that \L\ = L^^ and Z2 = L~^^<t''^ by definition of 77^2 , and from the existence of the r — —00, s ^ 00 
limits, we see that the property in Part 3) of Theorem [3] holds for X = L. Thus it holds for the subgroup 
it generates. 

A trivial consequence of these invariance properties is that 

{NmO))=0 

identically. Namely, there is no one-point function. Indeed, it is enough to show this for j — l.j^s . In that 
case, by translation invariance followed by scale invariance 

By Lemma |66] it is clear that L^a~^ > 1 for e small and the vanishing follows. We leave it as an exercise 
to show this same fact explicitly using the S"^'^^ + S'^'^^ expression for (iV[^^](Ilz3)). This hinges on 
showing that the vector in £pt corresponding to an eu perturbation in the box A(0) only is an eigenvector of 
Di.{v,)RGoK with eigenvalue L~'^Q!u. One has a similar statement for the evaluation of i?t(„,)(5&A(o) on that 
vector. 

12. NONTRIVIALITY AND PROOF OF EXISTENCE OF ANOMALOUS DIMENSION 

12.1. The two-point and four-point functions of the elementary field. We have constructed the 
generalized random field (j) via constructing and proving the analyticity of S"^{f, 0), the cumulant generating 
function. We now show that the process 4> is not Gaussian. In particular we show that in the small e regime 
one has 

^[^^5T(z]i^3,o) = mzi)') - sm^if) < . 

We establish the inequality above by expanding 5'^(zllz3,0) and isolating a part that explicitly contains 
first order pertubation theory. We will calculate the derivative by hand for this explicit part and use Cauchy 
bounds to estimate the contribution of the remainder. From now on we will drop the tildes from the notation 
for the fields 4> and A^[i?I>^] but we will still use tildes for test functions if needed. 

Since zTi^a S >5'o.o(Qp, C) we can set = = 0. From section 101 and in particular the domain condition 
(|79p we know that S'^ {zi^s ,0) is an analytic function for z such that \z\ < Oiq. This condition is assumed 
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throughout this section. We will repeatedly make use of the fact that for z in this domain |z| < 1 which 
follows from Oio < ^j^j. In particular for z in that domain we have 

5T(z]lz3 , 0) =5^'™(z]lz3 , 0) + 5T-UV(z]lz3 , 0) + 5T^^°(z]lz3 , 0) + ^^'^^^(zl.a , 0) . 
For our choice of test function wc have: 

5^'™(zlz3,0) = iz2(]lz3,C_oo%) 
5^'U^(z]lz3, 0) = since j = 
5'^'"°(z]lz3,0) = since g_ = 5+ = 

5T^i^(z]l2;3,0) ^ J2 ('^^A(o) [f(-°°^^)(z]1z3,0)] -<56a(o)[K]) 

q=0 

where K = = (0, 0). 

By previous considerations we know that up to scale = the test function / = zlz^ does not influence 
the evolution of the other parameters, thus for scales q < q- = all components of F'^~°°''^(zllz3 , 0) other 
than the / component take their fixed point value. Additionally we know that for scales q > q+ = the 
vector 

y(-oo,g) deviates from % only at A = A(0). 
We write 



'')(z]1.3 , 0) = . . . , W^t <1, 



AeL 



Keeping our previous observations in mind for k = 1, 2, 3, 4 we decompose /3[.'']^ as follows: 

M _/5*+/3^'='''^^+/3^'"^^^ if A = A(0) 
^^'^ [g. ifA^A(O) 

M ^ r4«'^^P)+/3('''-P) if A = A(0) 
^"^'^ [0 ifA^A(O) 

(,) ^ rA..+/?^'='^P)+4«''"^P) if A = A(0) 
[a** ifA^A(O) 

ni,) ^ f M''''^'^ + M''™''^ if A = A(0) 
\0 ifA^A(O) 

Here "exp" and "imp" are abbreviations for explicit and implicit. The quantities ^^''°'^P-' and ^('''™p) will 
be defined inductively starting from q = 0. We start with the following intital condition: 

for fc = 1, 2, 3, 4 we set /Sf ''^''p^ = /J^^'^^^ - 0. 

Now wc prepare to give the inductive part of the definition. Recall that for k ~ 1,2,3,4 the evolution of 
our couplings is given by 
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^fe,A(0) 



, Ae[L-iA(0)] 



1,A(0) 



SPk,2,A(0) [v'^-°°'''Hzl^,0)\ +Cfe,A(o) [v^-°°-'''Hzt^pO) 



We introduce some more short hand. For A; = 1,2,3,4 we define to be the corresponding component 
of K e Shk- In particular = , /Sg = 0, P2 = M*j and = 0. These are also seen as constant vectors in 

We now use the fact that K is a fixed point of i?Gox to arrive at the following formula: 



0(9+1) _o* r-fc[*] / 0(9, exp) o(g,imp)\ 
"fe,A(0) ~Pk + ^ (^Pfc + P/c J 



(80) 



<5/3fc,l,A{0) 
■ (<5/^fc,2,A(0) 
(^fc,A(0) 



''^)(z%3,o) 



^/^fc,2,A(0) 



Above we have used the fact that 6bk.i,A 
< fc < / < 4 and /?, / e C'^ define 



i7(-°°-«)(z]iz3,o) 

-4,A(0) [v?(-°°'')(;^]lz3,0)]). 

= 0. We now decompose (5 /3fc.i^A(o) l7^~°°'''H'2^1z3 , 0) 



For 



Pk,i [P, /]=(;) / d^a d^foi . . . d%^k f3{a) x TT [r(a - 



i=l 



With this notation we have: 



With this notation we define the evolution for p'j^''^^^^ and /3^'^'™p-' as follows: 



(81) 



(82) 



f(9) 



l=k+l 



^(,+ l)amp^^_fc[^]^(g.imp)_^ ^ i^'^-I'^l i^fe J U^"'™''^ ]1a(0) , /^'^ 



/=fc+l 



+ 



(%,2,A(0)[K] -<5/3fc,2,A(0)[^^"°°'^H^]lz3,0)]) + (4,A(0)[K] -a,A(0)[^^"°°''H^]lz3,0)] 



Here we have designated I1a(o) : L C as the indicator function of {A(0)}. 

We also impose a splitting of the difference of vacuum renormalizations at A(0). For g > we have: 



We define 
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(83) 



5^(<?.exp) 



4 

E 

1=1 



0,1 



(9) 



^5(9, imp) 



(84) 



(=1 



□ (gamp),, .(g) 



^-5/30,2^(0) [y (z]lz| , 0)] - <5/3o.2,A(o) [K 

+ (eo,A(0)[l7'"°°'^H^%,0)] -eo.A(0)[K]) . 



Wc now derive explicit formulas for p^^^''^^^') and (56''''™^''. 



Lemma 95. Given the previous inductive definitions for p^'^^^^ for q > and k — 1,2,3,4 we have the 
following explicit formulas: 



^(<?.cxp) 


=0 


^(•J.cxp) 


=0 


^((J,GXp) 


^6qL 



^((3,cxp) 



1 _ i-2q[0] 

^ 1 - 



Y d3xr(x)3j +12|^|;;nL-2" 



lrl|2 



xr(o) 



For q > we also have 



i-^-'i^i 1^ J d^x r(x)4^ + 6L-4*[*ig||r||i.r(o)2 + i2l-29[0] ||r||i2r(o)^ 



1 _ r-2g[0] 

4i-*ii-|3^r(o)( / d^.r(x)3 



2„ i-2[0]9||r||2^ 



Z /i: 



Proof: Wc first note that below one often sees expressions of the form / T{xy\ In the statement of 

JL-iA(O) 

the theorem we extended the integration to all of Qp, we can do this since F is supported on L^^A{0). 



For 1^^'°'^^^ the result is immediate after recalling that ^^°''^''p) 
parameter reduces to multiplication by L~^^'^h 



and noticing the evolution for this 



For 



(9,oxp) 



we have 
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3(g,cxp) 



9-1 



n=0 

9-1 



n=0 

9-1 



The last line follows from ultrametricity and the fact that F integrates to 0. In particular -Fjj+i [P* , /^■■'] 
will always vanish. 



For p^'^''^^^^ we have 



j(g,cxp) 



9-1 



/3*+#'=^p)]1a(o),/^")]) 



n=0 
9-1 

= ^i-2(9-n)[0]^2,4 5*,/^") 

= Vl-2(9-")[*16z25,L-2„[0] / d3aF(a) 

9-1 



i=l,2 



ilia 



from which the formula for fj^'^''^^'^' follows. Note that above we used the fact that /(") = i-"['^l]lA(o) 

as a 



vector in C''" or L 



For ^^'''^P^ we have 



9-1 



as function on Q^. 



9-1 



Ps +P3 liA(o),/^ 



n=0 



Looking at the terms involved one sees 



J \Jl-^a(o) J 



and 
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1,2 



,, J_ fl(".<=xp),i r{n) 

IJ-* + P2 -11a(o)> / 



—Fl,2 
=^1,2 



(") 



^1,2 
-A(0) 



P2 -IIaio))/ 



o(ri,cxp),, r{n) 



=2L-"["^lzr(0) X (67lL-2n[0]^2^ 



The formula for ^j'^'^P-' then fohows. 



Wc now move on to Sb^'^''^^^^ . To keep things lighter we have left out terms with a vanishing contribution: 



3*,/ 



(9) 



Fq,'. 



We calculate each of the terms appearing above: 



F 



0,4 



L-iA(O) 



F 



0,2 



P2 ^AiO),J 



Fq,: 



(9) 



2i-2g[0]r(o)2 
2^-2,[0]||p||2^^^ 



6gL-2^[^lz2g.||r||i. 



0.1 



1 _ 

^ 1 - L-2[0] 



+12 K]nL-2[0]" 
\n=o y 



X r(0) 



This proves the formula for Sb^'''°^^\ 



We now calculate running bounds for the 
Lemma 96. In the small e regime one has the following bounds for q > 



3(9, imp) 



1/34 

I/33 

1/32 
1^(9, imp) 



3(9, imp) 



3(9, imp) 



\Sb^ 



gamp) 



<Oii X g X L^f-^'i 



15V 

16 



<17xOuXgxLV-'M^^' 



<253 X On X g X L V^"* 
<2497 X On X g X L^f'^'^ 
<Oi, X L« X q2-2. I^- 



15 
16, 

15V 
16 



16 



□ 



where On = (4026 + 1) and O12 319617 x On- 

Proof: We note that for all g > one has V(-°°-i) (z^ , 0), K e B{0, i). Thus by the proof of Lemma[89] 
we have the following bounds for all g > and for k = 0, 1,2, 3, 4. 
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fc,2,A(0) 



5Pk^2AW W'^-^'"^ , 0)1 <4026i'g'-'" I (2% , 0) - K 1 1 



We also note that by applying the bound of Proposition [TT] q-times one has: 



||v(--'')(z]iz3,o)-K||=||y(-°°'')(z]iz3,o)-y(-°°'«)(o,o)|| 



< 



Now we note that by (|^T|) and ([55]) one has e^? > 64 + 1 > 2. Thus > 2 — 2?7 so in the e small regime 
one has: 



^^fc,2,A(0)[^*] - '5/3fe,2,A(O)[^^"°°'^H^az3,0)]| + |efc.A(0)[K] - a,A(0) [^'"""'^H^^ , 0)] 

< (4026 + l)i'5'~'"l|l7^"°°''H^%,0) - Kll 
= OnL5g2-2'7 1 1 y (-00,,) ^ 0) _ 1 1 



We start with estimating /3, 



(9. imp). 



1/3, 



(g,imp) I 



9-1 



<L4[*1 (|<5/34,2,A(0)[K] - <5/34,2,A(o)[^^^-°°'"H^%,0)] 



+ k4,A(0)[K] -C4,A(0)[^^"°°'"'(^%,0)] 



9-1 



-4(q-«)[0] 



n=0 



9-1 



<L^[^l0nxLV-'';^,-, 

Tl = ^ ^ 



15 V'""' /15 



16 



<Ou X gL5+4[0]-2-2r, 



5 



In going to the second to last line we used the fact that for L > 2 and e < 1 we have the following 
inequality : < ^-[0] < < ■ Then by bounding l5+4['/'] < 2,8 we get the desired bound for 



For p^'™^'^^ we have 
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■9-1 



-n=0 

+ |6,A(0)[V;] -6,A(0)[^^-°°'"H^]1Z3,0)]|) 



■9-1 

^^-3(g^«)[</.] 
.n=0 



F- 



3,4 



P4 -IIa(O)) / 



■9-1 

^ 2.-3(9-") [0] 
.ri=0 



3,4 



o(n, imp) -11 

P4 -11a(0)7/ 



16 



■9-1 

^^-3(g-n)[0] 
.ri=0 



3,4 



o(n,imp),, „(„) 

Pa M(o)7/ 



In the above expressions the first term was bounded just as it was for /3^'^'""''^. We now try to estimate 
the summands appearing inside of the second term. We wih use \z\ < 1. 



3,4 



/3l"'""''^]lA(o),/<"^]| <4i-"[*]|/3l"'""P^| X |r(0)| 



16 



In going to the second to last hne we used the bound |r(0)| < ||r||ioo < 2. In going to the last line 
note that for e < 1 and L > 2 one has jiL^"'*^! < n2^^ < : — 7:::^ < 2. Inserting this into our previous 



inequality gives us 

|^(9amp)| <0^^qL5+3Wg2-2n 
<170iigL^g2-2r; 



e X log(2) 



15 
16 
15^' 
16 



9-1 



160iiLV^2^E 



Tl = 



L 



-3(<j-n)[0] 



160uqiV-2„ 



Not that in going to the second line we used the bound L ^'■-'^ "'[''^1 < 



, (9-n) 



We start on ^('''™p) by making the following estimates: 



F, 



2,4 



o(n,imp),, r{n) 



<6 X 



Q(n,imp) 
^4 



X r(0)2 X L-S"!-/-] 



<24 X OnnL^f-^'' 



j^~2n[</>] 



<48 X O.iL'^f-^'' — 



15 



Similarly one gets the bound 



F 



2,3 



P3 11a(o),/ 



< 204 xOni'a'"'" ( ^ 



16 
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The bound for ^(''™p) then proceeds along famiUar hnes. One uses the same arguments to prove the 

(9, imp) 



estimate for /3J . In particular 

3(71. imp) 



F12 



Pi -IIA(O). / 

o(n,imp),, f[n) 
P3 -IIa(O),/ 



<64 X OuLV"^'' 



o(n,imp)-,, f 
P2 -IIa(O))/ 



(") 



<408 X Oni 

<2024 X OnL^g'-'" f — 
V 16 



To bound Sb^t-'-^v) 

we first make the following estimate. For k = 1, 2, 3, 4 one has: 



O.k 



/3^™''^]1a(o),/'^'1 <i"^*'^' X r(0)'= X |/3(''""P)| 



<l-im X 2* X 2497 X On X qL^'f-^'^ ( — 



15 



16 



<79904 X OiiL^g2-2,, 



15\' 
16 



We then have 



|^fofeimp)| < |<S/3o,2,A(0)[K] -5/3o,2.A(0)[l7'-°°''''(^]lz3,0)] 
+ |Co,A(0)[K] -eo,A(O)[V^^~"'''n^%,0)] 



.fe=l 



0(9, imp)-,, ^(g) 



<On X 2.^32-2, (^i^y + 4 X 79904 x On x L^^'-^" (^j^' ' 
<319617 X On X LV-2, f^V 



This gives the desired bound. 



□ 



Lemma 97. In the e small regime and on the domain {z G C | \z\ < Oio} one has the decomposition 

t/iree of the above functions are analytic on the above domain. Additionally, over this domain one has 
the following explicit formula 



q=0 



i-4g[0] / p(^)4 +6i"4?[^ig||r||i. X r(o)2 



\r\\hxr{of 



\n=0 / 
1 _ T-2q[ct>] I 

4L-29[0]^_!^^r(O) / d3a;r(x)3 



1 - L-2[<^'] 



VL-29[*i||r||? 



L2 



and i/ie following uniform bound 
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where O13 = 16 x O12. 
Proof: From earlier definitions we have that 



2 



q=0 



We define 



q=0 

00 

The explicit formula given for 5"^'°'^p(z) comes from substitution of the explicit formula for the (56('J''='^p) 
from Lemma 1951 Since [0] > for e S (0, 1] it is not hard to see that infinite sum in the expression for 
S'^'°^P{z) is uniformly absolutely summable on our domain. Analyticity follows from the explicit formula. 

On the other hand we have 



|5T^™P(z)| <^|J6(«'™P)| 

g=0 



15V 
16, 



<Oi2 xL^x f-^^'Y. 
<16 X O12 X X 5^-2'' . 

We have then proved the desired uniform bound and we have uniform absolute convergence yielding 
analyticity as well. □ 

Lemma 98. In the small e regime one has 



whe 



z=0 



5T(z]l«,0)-C/2 



f/2= (]lz3,C_oo]lz3) 



2||r||i. X 



1 



1 - L-^y'i'] 



X /i* 



whe 



5T(z]l«,0)-[/4 



C/4 



9=0 L 



1 _ r-2g[0] ( r V 
r(0)fy d?xT{xf\ . 



\n=0 



1 - L-2[<^'] 



|r||i.r(o)= 



Here we have used the following numerical constants: O14 8 x Oj^g^Ois and O15 = 384 x Oj^g*Oi3. 
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Proof: Wc note that for j — 2,A we have that Uj 



dzi 



z=0 



By the previous lemma the bounds above will follow if we have the necessary bounds on 
By Cauchy's formula we have 



z=0 



d^ 
dz^ 



=0 ^ ^ 2i7r J A^+i ^ ' 



Here we are integrating around the contour |A| = 2^10- Utilizing the uniform bound on 5'^'™p(z) from 



the previous lemma we get the estimate: 

d^ 



dzi 



z=0 



< j! X 2^075'' X Oi3 X X g2-2r, 



This proves the lemma. 



□ 



Proposition 12. In the small e regime 

d^ 

dz^ 



5Mz]lz3,0) < — g < 



Proof: We observe that since T{k) > one has 

r(0) = / d^k f(fc) > 

hi 

d^x r{x)^ = (^f *f*f) (0) > . 
In the above expression * denotes convolution. It then follows by only keeping the first g = term that 

U4<- 245* / d^x r{xf 

< - 24g* / d^x r{x)^ 



= - 24<?,r(0)'' 



= - 24.g* X 



1 

1 - n-2[<*] 



(1 - L-2[^l) 



In going to the last line we used Lemma[2J Now we note that p,L > 2 and e < 1 implies that —2[(f>] < —1 



C/4 < - 24.9* X 



< - 12 



X 




1 


7 ^ 


4 


16y 


9* 


7 ^ 


4 


16y 


1 s 



Note that in going to the third line we used that > ^g. Now using the previous lemma we have: 
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5^(2%, 0) <[/4 + Oi5LV""' 



Since 2 — 2ry > 64 > 1 wc can take e sufficiently small to guarantee that Oi^L^g^ < j^g. This proves 
the proposition. □ 

12.2. The two-point function for the composite field. We now study the 0^ correlation when smeared 
with the characteristic function of Z^, i.e., the quantity 



since the one-point function is identically zero. 

Here (j_ = (7_|- = so there is no contribution from the middle regime. Thus 

(iV[0^](]1^3)2) = (7V[</)2](]1^3)2)UV + (Ar[^2](j^3)2^iR 

where {Nmi^.jY^ = ^ ^_^S^^^^ {0, zl^s) 



and (iV[02](]lz3) 



2\IR 



dz^ 



z=0 



Clearly, since we can derive term-by-term in the sum over q and since the constant and linear parts 
disappear 



q<0 



\g<0 / 



dz^ 



Sb [*(w,ze02)] 



by the chain rule. This also uses L^ct^^ < 1 which will be proved shortly. 
We will use the more convenient notation instead of 'i>{v,w). 

Now for w small we have by Theorem [S] 

^-.H {T^{v)[w]). 

By the remark following Lemma [751 

i.e. T'oo(w)[e02] is in £^ and therefore is proportional to e^- 
We define >c^2 as the proportionality constant, i.e., by 

Too (w) [6^2] = }<^2en- 

Hence 

^{v,ze^2) = ^'y^{zM:^2eu) 
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and as a result 



with 



2\UV 



/reduced ^2 _ 



On the other hand we easily sec that 



9>0 



where 



y(-°°'0)(0,z]l2,3) = Jo(O,(^'„(~r22e02)),^ 



We define the affinc isometric map vj : £ ^ fpt which sends v = /i, R) to V = (VA)AeL = '^{v) such 
that 

= (^4,A,;53,A,/32,A,/3l,A, W^5,A'^6,A,/a,-Ra) 

is zero for A 7^ A(0) and equal to 

{5g - , 0, At - M* , 0, 0, 0, 0, i? - i?*) 

for A = A(0). 

It easily follows from the definitions that 



y(-°°'°)(0,z]lz3) = L{v,) + vjo-^,{-Y2ze^2) 



for z small. 

Hence by the chain rule 
where 



{N[<i^']{t^.)T' = K.'>^^.(^['/'1(%)'>i?dueed 



<?>o 



where we introduced the more convenient notation RG^^ i/bkt ^ ^'^^ -RGdv[Vbk, V] of section i il0.4l 

In what follows we will show that when e 0, (-^['/'^](]lz3)^)reduccd remains bounded while (A^[(^^](]lz3)^)^^ 
blows up. 

This will need new constraints on the norm exponents which we list redundantly as: 
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64 > 1 

64 > 62 

64 > 262 - 1 
6_R > 62 + 1 
6_R > 262 ■ 

We first introduce the subspace £^ox,cv of f ex- 
it is tlie space of vectors 

(^4,A, /33,A, /32,A: /5l,A, W^5,A' W^6,A, /a, -RA)AeL 

suclr tliat for all A e L, 

/?3,A = PlA = W^A = W6,A = /a - 
and i?A e Cf!d,cv(K>Q- 

Using the same line of reasoning as in the proof of Proposition [5] or in ijlO.ll it is easy to see that £cx,cv is 
invariant by RGck- 

Lemma 99. In the small e regime and for V G B(V, ^) H £'ox,dv 
we have for all A' G L 

\SbA'[V]\<Oi6L'f^- 

where 



_ , „ -,1 f a," + JTi = 2 or 4 1 

Oi6 = l + 9> 1{ } 

^ 1 fli > 0, JTl > 1 I 



X C(ai,a2|0) X 2^^. 



Proof: Recall that 



5bA>[V] = (S/3o,i,A' +'5/3o,2,A' +eo,A'(l7). 
Since there are no /'s we have /3o,i,A' = 0. Similarly the 5/3o,2,A' contirbution reduces to 



ai ,a2 ,m 



J a, + m = 2or4 ai + m ! Q2 + m ! 1 
^ I Oj > 0, 771 > 1 ai!a2!TO! 2 



X^-(ai+a.)[0]^^(O)^ X / d3xid3x2 /3ai +™ (^1 )/3a.+rn (^2 ) r(xi - ^2)'^ 

■/(L-iA')2 



We use the bound 



d^a;id^a;2 /3ai+m(a;i)/3a2+m(a;2) r(a:i - X2Y 



<L3||r||™-ix||r|U. 

X sup \l3at+m[x)\ X SUp \l3a2+m{x)\. 
aiGL-iA' kSL^iA' 

We bound the suprcmums by noting that Pai+m can only be /32 or /34. Since y has no /32 component 

l/32(x)|<||y-y|ir <ir. 

On the other hand 

m^)\<-9+\\v-vw<^g<^r' 

since 64 > 1 > 62. As a result the previous integral is bounded by 
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II IIL°= II iiL 4^ - ^ 4-'^ - y 

where we used e < 1 so 3 — 2[0] < 2, and m < 4 while dropping \/2. FinaUy \^o.a'{V)\ < iB^g"'' by Theorem 
m Noting that ^B/^g'^'^^^''^ < 1 for e small the lemma follows. □ 



Lemma 100. For V^, G B{V, ^) n £ox,dv, we have the Lipschitz estimate 

Proof: This is an immediate consequence of the previous lemma and Lemma [T] with = 5- D 
Since we are computing second derivatives there is no harm in writing 

g>0 ^ 

If z is small enough so that 

||^'(2;eu) - < Oio 

which is the same as saying that \\zu o vj/y^ (zeu)|| < Oio, then Proposition [TT] along with the last lemma will 
imply 



Sb 



'A(O) 



<40i6LV^ (i^VxOio. 



Let Zmax > be such that \z\ < Zmax implies ||4'^,,(zeu) — w*]! < Oiq. Then by extracting the derivatives 
with Cauchy's formula we easily arrive at the bound 



(iV[02](]1^3)2)I«,_, 

Now from Theorem IH] ||zeu|| < ^ implies 



< 40ioOi6i^r'' X 



1 



2' X 



16 



/ 17 1 

||^'^).(2eu) - <|Neu|| ( ^ + ^ 24 
<2||zeu|| 

for simplicity. So Zmax = |Oio||eu||~^ works because |Oio < ^ < Also by lemma [63l ||eu|| = g~'^^ . 
Hence in the small e regime we have the bound 

(7V[</>2](]1^3)2)JR_^| < 5120ro^ X O16 X . 

Namely, the infrared contribution remains finite when e — > 0. 

We now examine the ultraviolet contribution more closely. From Theorem [5] the small z expansion of 
^u, (zen) is of the form 



(85) '^y,{zeu)=v^+ze^ + z^Q + 0{z^) 

for some vector Q to be determined shortly. Using the decomposition in Lemma [79] 



dz2 



z=0 



^^cxplicit (^^^ (^g^)) ^ ^^implicit (^^^ (^g^^) 



z=0 



1 



If 1^1 < — 5*^^ then as before we get 
30 
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\'^vAzeu)\\ <||w*|| + 2||zeu| 

1 1 1 

< \ < -. 

-40 15 2 



So by Theorem m 



Cauchy's formula then immediately imphes 



Since en > 2e2, wc must have 



Now recall that 



2 = 



lim -— 

e-i-O dZ-^ 



(56™P""*(«'..(zeu)) =0. 



where 55j''p""*((55, ^i, i?) = ^A^gSg + ^4(5^^ 

and /i, i?) = As/i^ . 

Note that the A^g^ term disappears in the computation of derivatives while J^^'^p'"^'* be treated as 
we treated (5ympiicit_ j^^iggfi by Cauchy's formula and Theorem|4] 



dz2 



z=0 



< 2! ( 1 X A4 



2 X g X + (^r^ 



Since 64 > 2e2 — 1 and 64 > 62 wc have 

lim 

«->-o dz^ z=o 

As a result of the formula ~ {Sg[^{p^,), l,R'^{fi^,)) and the expansion (j85p we easily compute 

d2 



5&J^P""' (vl/.Jzeu)) = 0. 



dz2 



^^cxpUcit (vl;„j^eu)) - 2A5 (1 + 2^**6^) 



z=0 



where 0^ is the fi component of G 

We determine the latter using the intertwining relation in Theorem |6] for small z. 
We have by an easy calculation using (|85p 

RG{^^,{ze^)) = v,+D,,RG[eu] + z^ (^D,,RG[e] + ^Dl^RG[eu,eSj + 0(^') • 
But this is the same as 



(ttuzeu) = + zc^uGu + z^a^Q + 0{z'^). 



Thus 



(86) 



ale = D„,RG[e] + -DlRG[e^,e^]. 



On the other hand G for z small and therefore 
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and 

where [• • • [• • • and [• • • ]r refer to the Sg, fj., and R components respectively. 
Expanding these relations up to second order imply 

= (Bag, e^, Or) = e^eu + ^c^ 
where Cu = {Sg'^{n^),0, R'^{n*)). 
Taking the ^ component of we see that 

where we have used [eu]p = 1 and Dv,RG[eu\ = auGu- 
Since au we have 

= _ ^) {[i5..i?G[cJ]^ + [DlRG[e^,e^]]^] . 

Now < implies |55u(m)I < and |||i?u(/^)|||§ < yS''''- Using = ^/'"ff''' ^ 

contour of integration, Cauchy's formula implies the following estimates: 

\6g'M\ < ^9'''"' 
\\\R'M\\\s <^-f^-'' 



11 

As a result 



Ilcull =max{|<5.g:(/iOlr^MlK(A**)llb.9-^"} < ^^'9^^^' ' 
From the explicit formulas in the proof of Lemma [69] and following the same notation 

(87) [D,RG[v']]^ = L^/i' - 2A2ig + Sg)6g' - A,ig + Sg)fi' - A,^, 5g' + [i?,i?G™P''"*K]] ^ . 
For V = v^, and v' = Cu this gives 

[D,,RG[v']]^ = -2A2{g + Sg,)Sg';{fi,) - Asfijg'^i^i,) + [i?„.i?G™P""*[cu]]^ . 
The infinitesimal version of the ^2 Lipschitz estimate in Lemma [57] immediately implies 

II [D^.i^G^P'^^^j^ll < 2^25"^ 

for the operator norm induced on linear maps from £ to C by the norm 1 1 • 1 1 on 5 and the modulus on 
As a result we have 

Du,RG[c,,]]^ < f2A2,„ax X + A3,„ax X 1^=) X ^^^^"''^+2525^" X 3^r''^ 
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Since 64 > 62, 64 > 2e2 — 1, and > 2e2 we have 

lim [D,,RG[c^]]=0 . 

Also from the formulas in Lemma [55] 
and therefore 



[Dl^RG[e^,e^]]^ 



, 2p' _ 



The argument of Lemma [51] only applied to the ^ component of i?G'™P'"^'* gives 

for the norm of the second differential. 
Since ||eu|| = g~^'^ we obtain 



< 32B2.9 



e_R — 362 



Since \fi^ \ < -g^^ and cr > 2e2 we have 



lim fi, [Dl i?G™P""*[eu,eJ] =0. 

e— >0 L * J ^. 

3 

Since also lim u^, — and lim au = i ^ > 1 we have enough to affirm 

e-J-O £-)-0 



lim = 0. 



Thus 



1™ "FT 



Dl{5b o *„J[eu, ej = 2 lim ^5 = 2L^{1 - p^^) x Z > by Lemma]!] 

z=0 c-i-0 



We now study the e — > asymptotics of more closely. One way to get a precise hold on this eigenvalue 
is to note that 



a^^[D,,RG[e^]]^ 



Then by the formula in (|57)) we have 



au = l'*' - 2^2(3 + 5g,)5g'M - M{g + Sg.) - A^fiJg'M + [i?..i?G™P""'[eu]] , 
since Cu = {Sg'^{^i^),l, R'^{^i.^.)). 



As before 



[i?,.i?G™P""*[eu]]^ <||i?..i?G' 



^implicit I 



<2B2f X g-'^^ 



But e/j > 62 + 1 and 5 is of order e so 



[i?,.i?G""P""'[eu]] =o(£). 



We have 
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-2^2(5 + 5g,)Sg'M\ < 2^2,max x x ^r'~'' 



so this is also an o(e) term because 64 > 62. 
Likewise 

so this is o(e) because 64 > 1. 
Finally, 



1 -e, 2p' 

-q^ X — 

so this is an o(e) term too. 



As a result we have 



ttu =i''^ - Asg + o(e) 

=L 2 — 12 X L 2 X q + o(e) 

from the relations between ^3, Ai, and g. 
It is now a simple calculus exercise to derive 

2 

??02 = + o(e) 

where 77^2 is defined by 
We also easily get 

which proves the earlier statement that 

L^a-^ < 1 

in the small e regime which was crucial for the convergence and analyticity in the ultraviolet regime. 



Another byproduct is 



1 3L-^ 1 

X 



al - L3 log(L) e 
and therefore 

when e — > 0. 

Since (A^[0^](llz3)^)reducod remains bounded, the quantity 
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(7V[,/)2](]l^3)2),,duced = (A^[0'](%)')yeLced + (^^ J^duccd 

is strictly positive for e small enough. 

Provided ^ we can then impose by definition 

and thus force the normalization 

We now address the issue of showing >f02 ^ 0. While most of the proof so far relied on quantitative 
estimates, here we had to use a more qualitative approach. This is because of the slow convergence to the 
fixed point on the stable manifold and the fact that we do not have much freedom of choice for our starting 
point V. The latter has to be on the i? = bare surface and therefore we cannot choose it as close to as 
we would like to. 

Recall that W;^J°'^ is parametrized as 

Vi ^ {Vi.^lsivi)) 

for ||wi|| < in £1. For v € we consider the tangent space TyW^ defined as the kernel of the linear 

form 

via the identification £2 — C. 

This linear form is continuous and does not vanish identically, so T^W^ is a closed complex hyperplane 
in f . If u; G £ satisfies w ^ TyW^ then we have a direct sum decomposition f = C ® TyW^. 

We have the following infinitesimal version of Parts 1) and Parts 2) of Lemma [551 and Lemma [5^ 

Lemma 101. For all v E Wj^J"'^ we have: 
1 ) for all w Cz £ , 

\\{D^RG[w]),\\ < c,ie)\\w\\ 



2) for all w E £ , such that Li 111X1211 > ll'W'ill; 

||(-D,i?G[iz;])2|| >C2(e)||u;|| 

3) for all w G T^W, 

II II 7-^11 II 
lliuill > L<i IIW2II • 

Proof: Consider the complex curve j(t) = v + tw for t small which ensures that T{t) G B (0, 1). Lemma 
[58] Part 1) implies 

||i?Gi(7(t))-i?Gi(7(0))||<ci(6)||ii.||. 
Dividing by \t\ and taking t — > we immediately get ||(£'i,(i?G[iy])i|| < Ci(e)||u;||. 
Now if -L3||-u;2|| > ||it;i|| then we have 
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^^117^2-7(0)211 > ||7(t)i-7(0)i|| 



and thus 



||i?G2(7W) - ^G2(7(0))|| > C2(e)||to|| 
by Lemma [58] Part 2). Taking the t — )• limit as before we obtain 

\\{D,RG[w])2\\>C2{e)\\w\\. 
For the third part we use Lemma |59I to write 

\\{vi +tWi) - Will > i'||/is(wi +t'Wl) - fisivi)\\ 

for t smah. Dividing by |<| and taking t ^ gives 

- 1 1 - 1 1 

1 1 Will > L-i \\Dyj^iJ,s[wi\\\ = L*\\w2\\ 

since w eTyW. □ 

Lemma 102. For all v £ and w E £ we have the implication 

L3||u;2|| > IkilK D.vRG[w] ^ TjiGiv)W^ ■ 
Proof: We proceed by contradiction. Suppose 

L3||w;2|| > Ihill and DyRG[w] e TflG(„)W. 
Then by Lemma Fl 1 1 Parts 1), 2), 3) we have 

ci(e)|k|| > \\{DyRG[w])i\\, 

\\{DyRG[w])2\\ > C2{e)\\w\\ 

and 

||p„i?G[H)i|| >i^||(-D.i?G[w;])2|| 

respectively. As a result 

Ci(6)||H|>i^C2(6)||H|. 

But ci(e) < 1 < L3c2(e) so ||ti;|| =0 which contradicts the strict inequality L4||w2|| > llifill- □ 

Lemma 103. For all v E W^^"" and w e T„VF" 

T,{v)[w]eTjiGiv)W' 

and 



Proof: Consider the curve t i—> {vi + iwi , /ig (wi +twi)) in VFjj^i"'^ for t small. By Proposition [5] and the 
parametrization of Wj^^J"'^ we have 

RG2{V1 +tWi,Ais(wi +tWi)) = /is {RGi{vi +<W2,Ms(wi +twi))) . 

Differentiating this at i = gives 

{DyRG[iwuD,„fis[wi])])^ = Drg,(v)1^s [{DyRG[{wl,Dy,^l,[w^])])^] , 
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i.e., 



{D,RG[w])2 = i?flGi(.)Ms [{D,RG[w])^] . 
Hence DyRG[w] belongs to Tjig{v)W^ and so does Ti{v)['w] = a:^^ DyRG[w]. 
By iteration this immediately implies 

for all integer n > 0. 
Namely, we have 

(r„(u)[w])2 = £'(flG"H)iAis [(T„(w)H)J . 
Using continuity, the remark following Lemma [73l and the fact that RG"{v) — ^ w*, we can take the n — ^ oo 
limit in the previous equality and obtain 

(roo(u)H)2 = [(Too(w)H)i] . 

This proves roo(w)[u;] € r„.M^" = f " by definition of f □ 

Lemma 104. For all v G W^^"" and w G r„W^" 

Do*4H =0, 

where the differential is with respect to the w variable at w ~ for the function '^v{') ~ "^{v, •)• 
Proof: By Theorem [5] Part 5) 

= ^,,oT^{v) 

and thus by the chain rule 

i?o*,H =^0*.. [Too{v)[w]] . 
However by the previous lemma Tao{v)['w] £ £^ so PuTaoiv)[w] = 0. But we also have PsTao{v)[w] = as 
a follow up to Lemma [751 

As a result, Too{v)[w] = and consequently Do^iiiw] =0. □ 

Lemma 105. For all v S W^^"" , ifDo^y = then -Do^hgCiO = 0- 
Proof: By Theorem [S] Part 4) 

= RGiv) ° Ti{v) 

near w = 0. Differentiating at zero gives 



(88) Dn^, = Do^RGiv)oTi{v). 

Pick some vector u G £ satisfying the hypothesis of lemma [TIM For instance 6^2 works since L3||e02 2II = 
> ||e^2_i|| = 0. By the same lemma Ti{v)[u] ^ Trg(«)W^' and therefore £ CTi{v)[u] © TjiG{v)W''. 
Let w e £. MVe decompose it as w = XTi{v)[u] + w' with w' e TflG(t))W^^ Then by ([55)): 

by the hypothesis and the previous lemma for RG{v) instead of v. Hence the differential £'o^_rg(d) van- 
ishes. □ 
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Iterating the last lemma we see that if D^.'^y = then i?o^_RG"(i)) ~ for all n > 0. By the joint 
analyticity in Theorem [5] we can take the n — > oo limit which gives Dq^u. — and therefore 



d 
dz 

which contradicts ([85|) and eu 7^ 0. 



z=0 



We have proved Dq^^ ^ for all v G W-^"" . Now since 6^,2 satisfies L4||e02 2II > ||e02.i|| we know that 
602 ^ TyW" by Lemma [Ml Thus £ = €6^2 ® T„M^^ 

Recall that Uo^u = ^'o^?;, o T'oo('^) so Do*I'u[602] = >f02Z?o^'u. [eu] by definition of >c^2. If the latter 
vanishes then Do^'u vanishes on <Ce^2 and therefore on all of £ by Lemma [1041 This contradicts Do^'ti 7^ 0. 
We have now finally proved >(^2 ^ 0. 

The remaining items to be settled are the mini-universality result and the choice of parameters 77, e, etc. 

The mini-universality should be clear at this point: the generating function S^{f,j) does not depend on 
the starting point v = {g — g, ^c{g),0) € Wj'^j"'^ for the RG iterations. Indeed using = oToo(w) we see 
that the effect of v is entirely in the multiplying factor >c^2 which however always comes in the combination 
Y2X^2. By our choice of normalization, Y2K^2 is defined in terms of the reduced N[(l)'^] two-point function 
which only involves data at the fixed point . 

Finally, to complete our very long proof of Theorem [3] we have to pick a choice of parameters which 
satisfies all the required inequalities. We pick 
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1 




8 


= 62 = 


63 = 1 




3 


64 = 


2 


ew = 


2 




21 


en = 


y 




1 


P' = 


8 




1 


P = 


128 




1 


P" = 


768 ■ 



We leave it to the reader to check that these choices indeed satisfy all the previously stated inequalities. 
Note that p'" was already defined and was only needed in the local analysis at the fixed point. The proof of 
Theorem [3] is now complete. 
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in i )2.1l and i)2.2l We thank I. Herbst for the reference to Nelson's book [61]. The work of A. A. was supported in 
part by the National Science Foundation under grant DMS # 0907198. 
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